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We present an algorithm which in n3(logn) 3 time constructs a 3-regular expander graph on 
n vertices. In each step we substitute a pair of edges of the graph by a new pair of edges so that 
the total number of cycles of length s = lelognJ decreases (for some fixed absolute constant c). 
When we reach a local minimum in the number of cycles of length s the graph is an expander. 

1. Introduction 

A bipar t i te  graph  G = ( I ,O)  is a k-regular (n,c~) expander  if Izl = Io l  = n 
and for all X C I, IXl _< we have r ( x )  > (1 + a ) l x l ,  where r ( X )  C O is 
the set of neighbors of X.  We will always suppose tha t  cr > 0 and bo th  c~ and 
k are fixed constants  while n --* co. Expander  graphs are used in many  areas 
of theoret ical  computer  science: parallel sort ing and selecting algori thms [2], [4, 
5], [11], const ruct ion of superconcentra tors  [10], const ruct ing graphs with special 
propert ies related to  computa t iona l  complexi ty [1], [12], determinist ic simulation of 
probabilist ic algori thms [3] etc. It  seems tha t  using explicitly cons t ruc ted  expander  
graphs is one of the main  techniques of subst i tu t ing r andom construct ions with 
explicit ones. 

Expander  graphs can be const ructed  by probabilist ic methods:  However for 
most  of the applications determinist ic construct ions are needed. The  first explicit 
const ruct ion for an infinite family of expanders (for k = 5 and for some constant  c~) 
was given by Margulis [9], however his a rgument  does not give an  explicit a .  In the 
proof  he used deep results from the Theory  of group representations. Gabber  and 
Galil [7] modified his const ruct ion and gave an explicit family of expander  graphs 
with k = 7 and some explicitly given c~. They  used Fourier analysis to prove the 
expanding propert ies of the cons t ruc ted  graph. Other  explicitly given families of 
expander  graphs were given by Alon and Milman [6] using the group representat ion 
technique. 

An  explicit family of expander  graphs were given by Lubotzky,  Phillips and 
Sarnak [8] with, in a sense, a lmost  opt imal  expanding properties.  (The second 
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largest eigenvalue of the matr ix  of the graph is optimal  in an asymptot ic  sense. 
All of the methods mentioned above prove the expanding property of the graph by 
giving a good upper  bound on the second largest eigenvalue.) All of the mentioned 
constructions are very explicit in the sense that  the neighbors of a point can be 
easily computed by elementary ari thmetic operations rood m. 

In the present paper  we give a recursive construction for a 3-regular (n,c~) 
expander, where a > 0 is some explicitly given constant. We actually construct 
an enlarger that  is a (non-bipartite) graph G so that  [G[ = n  and for each X C G, 
IXl we have I r (X)l  _> (l+c~)[X], where r ( X )  is the set of vertices which are 
either in X or have a neighbor in X. (It is easy to construct an expander using an 
enlarger.) For our proof we use only the basic properties of symmetric  matrices, 
and their eigenvalues. 

The recursive construction consists of a sequence of local changes in the graph. 
At each step we substitute two edges by two others, so that  the number of cycles 
of length s =  LclognJ decreases. When further reduction in the number of cycles is 
not possible we reached an enlarger graph. At each step the expanding properties 
of the graph are getting better.  (The number of cycles of length s is a good measure 
of these properties.) At each local change we have a large choice for picking the 
edges to be deleted and added, so there is a wide range of possibilities to construct 
expander graphs with additional properties. The expansion constant c~ can be given 
explicitly, although the best value which can be derived from the presented method 
has not been determined yet. 

Description of the algorithm. We give an algorithm which for any n constructs a 
3-regular expander graph on n vertices in polynomial time. The construction is a 
sequence of local changes in the graph. We will call such a change a switch. In each 
switch we take two suitably chosen edges (x,y), (u,v) in the graph, delete them 
and add the edges (x,v}, (y,u} to the graph. (This type of switch is used in several 
recursive algorithm for constructing graphs with large girth.) 

Remark.  It  is possible to compute the number of cycles of length s in t ime n 2 logn. 
Indeed, first for each fixed x, we compute the number of paths of length d from x 
to y simultaneously for all y. This can be done easily by recursion on d. For d = 
s and x - - y  we get the number of cycles of length s start ing from x. Therefore by 
trying all of the possible pairs (x, y), (u, v) we may decide which switch decreases 
the number of cycles most. Actually our proof gives a faster way to pick a good 
switch but  the described procedure works too. After each step the number of cycles 
decreases by a factor of 1 - 1/n 2. (Our notion of cycle will be somewhat different 
from the usual one, a cycle will be a sequence of directed edges and at each point we 
allow three different loops. This has only technical reasons and our results probably 
hold for any reasonable notion of cycles.) 

The choice of the edges (x, y), (u, v}. We will fix an integer s = L clog nJ for some 
sufficiently large absolute constant c and consider the number of cycles of length 
s in G. We will perform the switches so tha t  this number will decrease after each 
step. We show that  if further decreasing is not possible, that  is we reached a local 
minimum in the number of cycles O f length s, then G is an expander graph. 

Definition (0.1). Let G be a 3-regular graph. We define the random variable r = 
(ro, . . . ,r i , . . .}  in the following way. For each possible value of r, ro , . . . , r i , . . ,  are 
vertices of G. r0 is uniform on G, and for all i if ao,.. . ,  ai are given and bl, b2, b3 are 
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the three neighbors of ai then P(r i+l  =ailro = a 0 , . . .  ,ri = a i )=  1/2 and P(ri+l  = 
bj lro=ao, . . .  ,ri = a i ) = 1 / 6  for j = 1,2,3. 

With other words (r0, . . . ,  ri~...} is a random infinite path where ri+ 1 -= ri with 
probability 1/2 and if it is different from r i then it is one of its neighbors with 
uniform distribution. 

Let i be a fixed natural number. Our definition of a random path gives a 
probability distribution on the set of paths of length i in G, where vo, . . . , v i  is a 
path iff for all 0 < j < i vj = vj-?l o r  v j  and Vj+l are neighbors. Unfortunately 
this distribution is not uniform (P ( r j - - - r j+ l )>P(r j  and rj+l are neighbors)). We 
will change the notion of path to make the distribution uniform. This way we will 
be able to speak about the number of paths with a certain property instead of the 
probability of having a random path with a given property. 

Definitions (0.2). 1. If G is a 3-regular graph we define a directed graph G con- 
taining loops. G has the same set of vertices as G. All the edges of G are edges of 

in both directions, and for every vertex v E G there are three loops ll,v,12,v and 

13,v pointing from v to itself. G has no other edges than those mentioned above. 
We will denote the head of the edge e by h(e) and the tail of the edge e by t(e). 

2. If G is a 3-regular graph then an edge path or e-path of length i is a sequence 
of edges e0,.. .  ,ei-1 of G so that  for all O < j < i - 1  we have h(e j )=t (e j+l ) .  

Definition (0.3). z = (zo, . . . ,  zi-1} is an e-cycle of length i if z is an e-path of length 
i and t ( zo )=h(z i -1 ) .  (We consider the empty sequence as an e-cycle of length 0). 
If k is an arbitrary integer let (k rood i) be the smallest nonnegative residue of k 
mod i. For an arbitrary k we define z k by z k = z(k rood i)" 

Let Cyc (G, s) be the set of e-cycles of length s in G. 
The following theorem is the main result of this paper. It essentially states 

that  if the second largest eigenvalue of a 3-regular graph with large girth is close to 
1 then a switch can be performed, so that  the number of e-cycles of length [elognJ 
decreases and the girth remains large. This guarantees that  we may reach a graph 
with a small second largest eigenvalue by performing a sequence of switches. We 
may start with an arbitrary graph of large girth (this also can be easily constructed 
by a series of switches) then we pick each switch so that  the number of cycles 
decreases by the factor given in the theorem and the girth remains large. 

Theorem 1. 37 > 0V71 > 03r > 0 so that i f  n is sut~ciently large and G is a 3-regular 
graph on n vertices with girth (G) > (1/10)logn, A(G) > 1-r  and "ylogn < s < -y'!ogn 
then there are four distinct vertices x, y, u, v of G so that  from the six pairs formed 
from them exactly two (x, y) and (u, v) are edges of G, and i f  G t is the graph that 
we get from C by deleting the edges (x,y), and adding the edges (x,v), 
then 

g i r t h ( d )  > (1/10) logn and ]Cyc(Gt, 2s+l)] _< (1-1/n2)]Cyc (G, 2s+l)]. 

Remark. 1In 2 can be substituted by n - 1 - 5  for any fixed positive 5. 

Sketch of the proof. The theorem states that  after performing a switch using 
suitable points x , y , u , v  the number of e-cycles of length 2 s +  1 will decrease by 
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a factor of 1 - 1/n 2. First we show that  we do not have to consider all of the e- 
cycles in both graphs but only those of them which contain a critical edge (x,y), 
(u, v), (x, v) or (y,u) in a strong topological sense described below. 

If  we have an arbi trary e-cycle then it may contain the same edge in consecutive 
positions with different directions. If we delete both  we get a new, shorter e- 
cycle. Also if we delete any loops we get again an e-cycle. We will call these steps 
simplifications. Suppose that  start ing with an e-cycle e we perform simplifications 
as long as possible. If e ~ is the e-cycle that  we get at the end of this process we 
call e r a seed of e. We will show (Lemma 2) that  the seed is unique upto cyclic 
permutations.  We will prove that  it is enough to count those e-cycles, whose seed 
contains at least one critical edge. More precisely we show (Theorem 3), that  after 
performing the switch, the change in the number of e-cycles is the same as the 
change in the number of e-cycles, whose seeds contain at least one critical edge. 

For any a, bEG let Sd(a,b,G,2s+l) be the set of those e-cycles which contain 
either the edge (a, b} or the edge (b, a}. We have to show that  

ISd(x,y ,G,2s + 1) u S d ( u , v , a , 2 s  + 1)L - ISd(x ,v ,a ' ,2s  + 1)U 

Sd(y, u, a ' ,  2s + 1)l _> (1 - 1/n2)lCyc (G, 2s + 1)l. 

We will give an upper bound on the righthand side and a lower bound on the 
lefthand side (the lower bound is the essential part  of the proof). 

In these bounds we have to count approximately e-cycles with certain proper- 
ties. For any z,y C G let Pz,s(Y) the probabili ty of the following event: a random 
path of length s start ing from z ends in y. We consider Pz,s as an element of the 
n-dimensional Euclidean space. We usually will approximate the number of cycles 
in terms of Ms G = - ( i / n )  +maXze  G Ilpz,sll 2. The meaning of this quanti ty is the 
following: if we start  a random path  ro,... ,r2s from z then the probabili ty tha t  we 
get back to z at step 2s is Pz2s(z) =pz,s "Pz,s = IlPz,sll 2, that  is, it is proportional 
to the number of e-cycles of length 2s start ing from z. This probabili ty is always 
at least 1In. The maximal  difference between this probabili ty and 1/n, ocurring 
in the graph is Ms G. If the maximum is at tained at w then we may think that  in 
some sense w is contained in a small "component" of the graph, so start ing from w, 
many random paths remain in this component  while few get to other parts  of the 
graph. This motivates our  choice of x. x will be a point with Ilpx,sll2= 1In+Ms G 
and y an arbi trary neighbor of z. We may hope that  the edges (x,v) and (y,u) go 
out of the "component" of x. 

I t  will be important  throughout the proof that  the assumption A(G) > 1 - e 
implies a lower bound on Ms G namely Ms G > n -1-5, where (~ > 0 is an arbi trary but 
fixed constant (Lemma 8). (7 has to be sufficiently large with respect to 5 where 
s _> ~/log n). 

We will show that  both  I Sd(x, y, G, 2s+1)NSd (u, v, G, 2s+1) I and I Sd (x, v, G' ,  2s+ 
1) N Sd(y,u,G',2s + 1)1 are small so we may approximate ]Sd(x,y,G,2s + 1) U 
Sd(u,v,G,2s+ l ) l -  ISd(x,v,a' ,2s+ l )uSd(y ,u ,G' ,2s+ l)l by 

ISd(z,y,G, 2s + 1)l + ISd(u,v ,a ,  2s + 1)1- 
(S1)  - ISd(x, v, d ,  2s  + 1)l - [Sd(y,  u, a ' ,  2s + 1)1. 

Instead of counting the numbers of e-cycles in a set we usually will speak about  
probabilities. If r0, r l , . . ,  is a random path, then let ~i be the directed edge (ri, ri+ 1 }" 
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(If r i = ri+ 1 then we pick one from the three possible loops arbitrarily.) Let 

P((ro. . . . .  , rs-1} ESd(a,b,G,s))  =Sdp(a,b,G,s) .  In the definition of Sdp(a,b,G,s) 

we allow the edge (a,b) to occur anywhere in the e-cycle r0 , . . .  , r s -1 .  It  will make 
our computat ion easier if we restrict ourselves only to cycles which contain the edge 
(a, b) at the very beginning. This motivates the following definition: 

Sdp0(a ,b ,G,s )  = P ( ( r o , . . . , r s _ l }  E Sd(a ,b ,G,s ) l r0  = a, rl = b) . 

We will show (Lemma 33) tha t  Sdp and SdP0 are proportional,  that  is 

n ~ 2s ~;Sdp0(x , G, 2 s + l )  < ~ r M  G, / Sdp(x, y, G, + 1) - y, 

where n > 0 is an absolute constant and cr > 0 is an arbitrari ly small but fixed 
constant. Based on this Lemma we will work with only the quantity Sdp0. Tha t  
is our task is the following. Two neighboring points, a,b are given, and we have 
to est imate the probabili ty that  the e-cycle defined by ro,r l , . . .  ,V2s+l contains the 
edge (a, b) in its seed. This way we will have an estimate of all of the terms in ($1). 

First we show that  the conditional probabili ty of the following event is small: 
the cycle contains z, (x is now an arbi trary point, not necessarily the one used in 
the switch) far from the beginning and the end with the condition tha t  the cycle 

starts at x, tha t  is P @ i  r i = x  a n d / 3 1 o g n < i < s - / 3 1 o g n l r o - - x  and r~=x)  <n -0, 
where 5 > 0, /3 > 0 are constants, /3 is arbitrary, 5 must be sufficiently small with 
respect to/3 (Lemma 15). 

Since the girth of the graph is at least (1/10) logn the neighborhood of an 
arbi trary point x with radius (1 /20) logn is a tree. Now if we have a cycle with 
r0 = x, r l  = y where x, y are arbi t rary neighbors, then the previous result implies 
tha t  with high probabili ty x can occur on the cycle only at the very beginning 
before the pa th  leaves the tree, and at the very end after it returned. We may 
divide the tree into two parts  Tz the points closer to x and Ty the points closer 
to y. If the pa th  left through Ty and also returns through Ty then obviously the 
edge (x,y) is not in the seed. (The similar s ta tement  holds for Tx too). So there 
are two essentially different possibilities when (x,y) is in the seed: either the pa th  
leaves in the direction of y (through Ty) and returns from the direction of x or the 
same with the role of x ,y  reversed. To compute the probabili ty of this event first 
we approximate  the distribution of the endpoint of a pa th  of length s leaving in the 

direction of x (or y). We will denote the former distribution by p{Zff},z the lat ter  by 
p{X,y},y x,s . Since we get a cycle with the required properties by joining paths of these 
two different types we will have the probabil i ty that  a cycle contains (x, y) in its 

_{x,y},x .p{X,y},y Since the seed with the condition r0 = x ,  r l  = y is approximately px,s x,sq-1 " 

distributions are changing only a little if we increase s by 1 this is approximately 

_{x,y},x ~{x,y},y The error in both  cases is less than ~Ms G. So the same as px,s ",.x,s �9 
Ax,v},x Ax,~},y our main task is to get a sufficiently good approximation for px,s and Fx,s �9 

We actually will show that  for both  there is a linear combination of the constant 
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distribution, qx,s = - ( l / n )  +Px,s and qy,s = - ( l / n )  +Py,s which is close enough. 
(Lemma 43). E.g. 

2 4 2 
P{x~Y}'X(z) = ~n + 5 qx's - 5 qy's + R where IIRII 2 _< ~Ms G. 

Taking the inner product of these distributions as indicated earlier we get that  
the probability in question ((x, y) is in the seed with the condition r0 = x ,  r~ = y) is 
(Lemma 44): 

(s2) 5 10 25 10 
9n 9 qx,s " qx,s + v q z , s  " qy,s - v q y , s  " qy,s + R, where IRI < crM G. 

We will explain later how can we get the necessary approximations, now we 
show the conclusion of the proof using the approximation formulas. 

Assume now that  x, y are the points that we use in the switch that  is they are 
neighbors with the additional property I lPx,s II 2 = ( l / n )  + Ms G. 

We intend to choose the points (u,v) so that the sum in ($1) is as large as 
possibl e. As we mentioned earlier ($1) is proportional to 

Sdp0(x , y, G, 2s + 1) + Sdp0(u , v, G, 2s + 1 ) -  

-Sdpo(x  , v, G', 2s + 1) - Sdp0(y , u, G', 2s + 1). 

We show that  this sum is at least (1 /2)M~.  We will use ($2) to estimate each 
term separately. 

The maximality of Ilpx,~tl implies that  Px,s and Py,s are approximately the 
same (Lemma 29), so from ($2) we get that  SdP0(x,y ,G, 2s + 1) is approximately 
(5 /9 ) ( (1 /n )+qx , s . qx , s )=(5 /9 ) ( (1 /n )+MG) .  The error is less than ~rM G, where ~r 
is a small constant. We choose u, v so that  we have 

Sdp0(u , v, G, 2s + 1) _> (5/9)((1/n)  - ~MG), 

SdP0(X , v, G', 2s + 1) _ (5/9)((1/n)  + o-MsG), 

Sdp0(y , u, G', 2s + 1) _< (5/9)((1/n)  + o-MG). 

($2) implies that  we may get bounds in the good direction if the inner product  
Pu,s'Pv,s is large but the products of the types Pz,s'Pv,s are small. (The first 
requirement is met if Pu,s and Pv,s are almost the same). Motivated by this goal 
we will choose the points u, v with the following properties: 

(T1) the distance of u f r o m  x is at least (1/10)logn, 
(T2) ]lpu,s-pv,sll2 <_cr'M~ G, 

(T3) Pcc,s "Pv,s <_ ( l / n ) +  a 'Ms G and Py,s "Pu,s <_ ( l / n ) +  a 'Ms G, 
Px,s "Pu,s <_ ( i / n ) +  o-'Ms G and Py,s "Pv,s <_ ( l / n ) +  or'Ms G 

where crP> 0 is a small constant. 
Obviously almost all pair of neighboring points (u,v) satisfies (T1). To show 

that  (T2) and (T3) can be also satisfied we only need some properties of the symmet- 
ric linear transformation associated with the graph. (Lemma 32 and Lemma 29). 
Actually Lemma 30 implies that  (T2) also holds for almost all (u,v); Lemma 32 
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and Lemma 29 implies that (T3) holds for a positive proportion of all pairs. ($2) 
and these properties imply that the required inequalities hold, which concludes the 
sketch of the proof. 

We will give a more detailed outline of some of the most important Lemmas 
immediately before the actual proofs. 

2. Topological properties 

First we show that when we compute the change in the number of e-cycles, it 
is enough to take into consideration e-cycles which contain at least one of the four 
critical edges in a strong topological sense. 

If we are interested only in the topological position of the e-cycle in the graph 
then we may simplify our e-cycle by deleting all loops and any two consecutive 
edges which differ only in their directions. Naturally after such deletions new pairs 
may arise with the same property. We delete them too and continue the process 
until we get an e-cycle which contains no loops and no consecutive edges which 
connects the same two points but in different directions. 

Definition. We say that the e-cycle z =  ( zo , . . .  ,zi-1) c a n  be simplified at j where 
j = 0 , 1 , . . . , i -  1 if either 
(1) z j  is a loop, or 
(2) the edges z j  and z(j+l rood i) connect the same points only in different direc- 

tions. 
If (1) holds we get an e-cycle z 1,j of length i -  1 by deleting zj  from z. If (2) 

holds then we get an e-cycle z 2,j of length i - 2  by deleting both z j  and z ( j+ l  mod i) 

from z. 
We will call these two operations simplifications of z. If the e-cycle cannot be 

simplified (that is none of the operations can be applied), then we say that the e- 
cycle is simple. (It is not true that  the vertices of a simple e-cycle form a "simple 
path" in the usual sense. E.g. a simple e-cycle may contain the same edge several 
times (in nonconsecutive positions)). 

If z is an e-cycle and we perform a sequence of simplifications starting from z 
until we get a simple e-cycle z I then we call z I a seed of z. 

Lemma 2. I f  z is an e-cycle and z l , z  I1 are seeds o f  z then the lengths  o f  z I and z 11 
are the  same and t h e y  are ident icM up to a cyclic permuta t ion .  

Proof. Let z = (z0,...,z.i-1}. We prove the assertion by induction on i. Suppose 
that  in the sequence of simplifications which leads to z I the e-cycle w ~ is the first 
after z. Similarly w ~ is the corresponding element of the sequence leading to z ~I. 
According to the inductive assumption the seed of w ~ and w ~ are unique up to 
cyclic permutations. Assume that  we get w ~ by deleting the edges z f ,  zj ,+l and we 
get w ~ by deleting the edges z f , , z f , + ] .  

Case I. The sets { j ~ , j ' §  1}, { j ~ , j ~ +  1} are disjoint  (mod i). In this case the two 
simplifications can be performed simultaneously. Suppose that we get w as a result 
of the simultaneous simplifications. Clearly we may get w from both w ~ and w It by 
a single simplifying step. If w* is a seed of w then it is a seed of both w ~ and w ~. 
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As we have already remarked the inductive assumpt ion implies tha t  the seed of w ~ 
and w/~ is unique up to cyclic permuta t ions  so z ~ and z ~ are identical in the same 
sense. 

Case II .  The simplifications leading to w t and w II involve the same edge Zj. If  w ~ 
and w ~ are distinct the only possibility for this is, that ,  e.g we get w ~ by deleting 
the edges Zj_l,Zj, and we get w / /by  deleting the edges z j ,z j+l ,  where j - 1  and j + l  
are taken by rood i. In  this case however w / and w ff are the same (up to a cyclic 
permuta t ion)  so the inductive assumpt ion  implies the s ta tement  of the Lemma.  (w ~ 
and w/I are not necessarily identical as the j = 0 case demonstrates) .  

We will show tha t  if we perform a switch then the change of the number  of 
e-cycles of length i is the same as the change in the number  of e-cycles of length i 
whose seed contains at least one of the four critical edges. (The critical edges are 
the edges which are contained only in one of the two graphs). | 

Definition (2.1). If  (x,y) is an edge in G then Sd(z ,y ,G,s)  will denote the set of 
e-cycles of length s whose seed z =  (zo,. . . ,Zs-1} contains the edge (x,y), ( that  is 
there exists an integer k with either z k = {x,y} or z k = (y, z}). 

Theo rem 3. Suppose that G is a 3-regular graph and a,b,u,v are four distinct 
vertices so that, from the possible six pairs formed from them, exactly two, (a, b) 
and (u,v) are edges of  the graph. Let G ~ be the graph that we get from G by 
deleting ~he edges (a,b) and (u,v) and adding the edges (a,v) and (b,u). Then for 
any positive integer s we have 

ICyc (G, s)l - [eye  (G',  s)[ = 

ISd(~, b, G, s) U Sd(u, v, G, s)l - ]Sd(a, v, G', s) U Sd(b, u, G', s)l. 

Proof.  For each simple e-cycle z in G let Cz,s be the set of e-cycles in G with length 
s, whose seed is z (up to cyclic permutat ions)  and if z is in G 1 then let C~z,s be 

the corresponding set in G/. It  is sufficient to prove tha t  if z is an e-cycle in bo th  
C / . G and G f then ICz,sl = I z,sl Indeed, if this holds, then the number  of e-cycles 

whose seed does not  contain any of the four critical edges is the same in G and 
G ~, thus the change in the number  of e-cycles may  result only from e-cycles whose 
seeds contains at least one critical edge. The  r ighthand side of the equat ion in the 
theorem gives exact ly this change. 

Let Dz,s be the set of those e-cycles f rom Cz,s which do not  contain loops, and 
D~z,s the corresponding set for G ~. It  is sufficient to prove tha t  for all i we have 

IDz,il = ID'z,il. Indeed, if s is fixed then for each 1 < i < s and y E Dz,i we may  get 

elements of Cz,s by adding loops to y. More precisely let y = (Yo,... ,Yi-1} E Dz,s 
i -1  and go,... ,gi-1 be a sequence of nonnegat ive integers with  ~ j = o g j  = 8 -  i. ( H  i 

will denote the set of all functions g with these properties).  We will add 9j loops in 
each possible way to the cycle between the edges Z( j_  1 mod i ) ,Z j  �9 T h a t  is let Fy,g 
be the set of all e-cycles w= (wo,... ,ws-1} with the following properties:  
(a) w contains exact ly i edges which are not loops. W j o , W j l , . . . , W j i _ l  , 0 < Jo < 

Jl <. . .  < Ji 1 <- s -  1 will denote these edges. 
(b) wjk=yk  for k = 0 , 1 , . . . , i - - 1 .  
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(c) j k - - J k _ l = g k + l  for k = 1 , . . . , i - 1  and j o + s - j i _ l = g o + l .  
Clearly ]Fy,g I depends 0nly on i a n d g ,  moreover if the pairs (y,g}, (y',g'} 

are distinct then the sets Fy,g, Fy, g, are disjoint. The definition also implie~ tha t  

Cz,s =Ui=oUyEDz,i,gEHiFy,g . s  So we have Vs(ViE [l,s] ID~,~I = ID ,il)' ICz; l 
IC'z, l. 

Therefore to prove Theorem 3 it is sufficient to show that  the following Lemma 
holds. 

Lemma 4. Assume that z is a simple e-cycle in G which does not contain any of 
i the critical edges, then for all s=  1,2, . . .  we have Dz,s = Dz, s. 

Defini t ions .  If x is an e-cycle not containing loops we will call it a smooth cycle. 
For each vertex v in G we fix an order of the three edges ev,O;ev,l,ev, 2 touching v. 
We will define an angle between any two edges touching the vertex v. The angle 
will be a residue class rood 3. The definition is the following: G angv (ev,i,ev,j ) -- 
i - j  (rood 3). (If e , f  are directed edges touching the vertex v, then ang(e , f )  will 
denote the angle of the corresponding undirected edges). In a similar way we may 
define the angle of edges in the graph G/. It  is easy to see that  we may pick the 
ordering of the edges at each vertex in the graph G and G / so tha t  for all vertex 
v and pair of edges e, f touching v, if v and e, f are all elements of both  G and G / 
then angvG (e, G' f )  = a u g  v (e, f ) .  

Suppose now that  y = (Y0,..-,Ys-1) is a smooth cycle of length s in G. As 
earlier we extend the definition of Yi for all integer i, by Yi : Y ( i  rood s)" y will 
be a sequence from the elements of Z3 giving the sequence of angles between the 
neighboring edges Yi. More precisely for each integer i, ~]i =-angh(yi)(Yi,Yi§ 

We intend to show that  if the seed z of the smooth cycle y is nonempty then z 
and ~ determine in some sense y. Moreover the simplifications of y can be directly 
performed on the sequence ~. So if we know a possible z and a ~ then we may decide 
without knowing the graph G whether there is a smooth cycle y which gives ~ and 
whose seed is z. This will imply tha t  the number of smooth cycles y of length s and 
with seed z does not depend on G. (The case when the seed is empty is somewhat 
more complicated. The number of smooth cycles y with an empty  seed and a given 
~) will also depend on the number of vertices in the graph.) Since our graphs are 3- 
regular we defined the angle between two edges as an element of Z3. For m-regular 
graphs we may define angles in an analogue way with values in Zm. Although we 
need only the rood 3 case we give the following definitions rood m. 

Defini t ions .  1. We call the pair F =  (H(F),a(F) I an angle cycle (or a-cycle) if H =  

H (F) is a directed graph consisting of a single cycle of length s containing each of 
its points only once, a = a  (F) is a function and for each x E E ( H ) ,  a(x)EZra.  (The 
vertices of this graph will correspond to the edges of an e-cycle, the edges of F to 
the vertices in the cycle, and a(x) to the corresponding angle in the e-cycle.) 

2. If x is an edge of H and a(x) = 0 then we define an other a-cycle Fx ---- 
(Hx,ax>. S u p p o s e  that  {u',u}, x---- (u,v}, (v,v'} are edges 'of  H.  Then V(Hx)  = 
V ( H )  - {u, v} and if u'  ~ v'  then E(Hx)  = (E (H)  - (u, v}) U { (u', v')}, if u '  = v'  then 
E(Hx)  = E ( H ) -  {(u ' ,u} ,{u,v} ,(v ,v '}} .  The function ax is identical to a, where 
both  of them must be defined, and ax((U' ,V '} )=a((u ' ,u})+a((u ,v ' } ) .  
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3. We say tha t  F f is a simplification of F if there is a sequence F 0 = 
F, F 1 , . . . , F  j = F  1 so tha t  for all O<_i<j there is an edge xi of Fi so tha t  F i + I =  
F,x~. F is a simplification of itself according to this definition, we call this the trivial 
simplification. 

4. F is called simple if it has no nontrivial  simplifications tha t  is a(x) ~ 0 for 
all edges x of F .  

5. F t is a seed of F if F l is a simplification of F and F f is simple. 

6. We define three relations on the set of vertices of H (F). Suppose u, v are 
vertices of H (F), then 

uAv iff there is a simplification (possibly trivial) F '  of F so tha t  (u,v} is an 

edge of H (F') and a(F')( (u ,v})=0,  
uq~v iff there is a sequence uo =u , . . . ,  u2i = v for some i = 0, 1, . . .  with ujAuj+l  

for all j = 0 , . . .  , 2 i -  1, 
u f v  iff there is a sequence uo = u , . . . , u 2 i §  = V for some i = 0 ,1 ,2 , . . .  with 

ujAuj+ 1 for all j = 0 , . . .  ,2i. 
Obviously ~5 is an equivalence relation. 
8. We define a subset SF of the vertices of F .  If  x is a vertex, it belongs to 

SF iff there is a y E V ( H  (F)) so tha t  
(a) xq)y; and 

(b) there is a seed F'  of F so tha t  y E V ( H ( F ' ) ) .  

Suppose now tha t  z = (zo , . . . , zs -1}  is a smooth  cycle. We define an a-cycle 

F(z) = (H(Z),a( z)} in the following way: the vertices of H(z) will be the numbers  

0 , 1 , . . . , s -  1, the edges the pairs { i , ( i + l  mod  s)}, i = 0 , 1 , . . . , s -  1 and a(z)(i) = 
aug ( z i_ 1, zi ). 

Let f(z)  be the funct ion with domain  Sf ( z  ) defined by: f ( z ) ( i ) =  zi. 

Lemma 5. Suppose that y = (go,... ,Yi-1} is a smooth cycle in the g raph  G. Let  
T~s be the set o f  smooth cycles z of length s whose seed is y (up to a cyclic 

permutation). Then each z C TyGs and j E SF(z ) we have: 3k f ( z ) ( j )  =Yk. 

Proof.  Assume tha t  j E SF(~ ). According to the definition of S there is a j~ E 

V ( H  (z)) so tha t  jq~j' and there is a seed F '  of F with j 'C  V(H(F' ) ) .  Since the seed 

is unique up to cyclic permuta t ions  this implies tha t  f ( z ) ( j~)= Yk for some k. The  

definition of A implies t ha t  if uAv then  the edges f (z) (u)  and f (z) (v)  differ only in 

their directions, and so by jq)j '  we have f ( z ) ( j ) = f ( z ) ( y ) = y k .  | 

Definition. Suppose tha t  y =  (Yo,...,Yi 1} is a smooth  cycle in the graph  G. Let 

Lemma 6. I f  y = (Yo,. . . ,Yi-1}, i > 0 is a smooth cycle in the graph G then 

z--~ <a(Z),f z} is a one-to-one m a p  of  Tyas onto VyOs. I f  G I is an other 3-regular 
graph, so that y is a smooth cycle in G ~ too and for a11 i = 0 , . . . , i  - 1 we have 

anga(y , Y(i+l rood s)) = ango, y(i+l mod s)) then Gas = UfO's 

Proof.  The definition of U (a) implies tha t  the map  is onto. y~s 



3 - R E G U L A R  E X P A N D E R S  389 

Suppose that  (a(z), f(z)} = (a(W), f(w)}, f (z)  = f(w) and i > 0 implies that  there 

is a j with zj = w j .  Since a(z) =a(w) we may prove by induction on k that  zj+ k = 
wj+ k for k = 1, 2,. . . .  

Assume that  (a(Z), f(z)} �9 UyG, s. We prove that  it is also in UyG,:. It is sufficient 

to prove that  there is a w �9 TyG,: with (a(W),f (w)} = (a(Z),f(z)}. Let z s - j  ---- 

Z, z S - j - - l , . . . ,  Z 0 =  y be a sequence of simplifications of z. We construct a sequence 
of smooth cycles w ~  s - j  in G f with the following properties. 

(a )  w ~ = z ~ = y ,  

(b) w j is a simplification of w j+l for j = 0 , . . . ,  s - i -  1, 

(c) ang(zJk,z j ) - -ang(wJ ,w  j ) f o r a l l j = 0 , . . . , s - i ,  k = O , . . . , i + j - 1 .  
k + l  - -  k k + l  

We construct the sequence w k by recursion on k. w ~ 1 7 6  We get zJ from 
Z j + l  by deleting a pair of edges g, h. Assume that  in z j §  ~I, g, h~ ~t are consecutive 
edges and ang a (g, h~ = 0. Let g/, h I be the consecutive edges in w3 corresponding to 
~,h. Since anga(~,h)=angG,(gl ,h  I) there are edges 7,X in G 1 so that  ang(%x) =0  
and ang G (9, g) = angG' (gt,'Y) angG (h,/t) = ang G, (X, h). We get w j+l by adding to 
wj the edges %X. 

It is easy to see that  for w = w  s- i  we have (a(W),f (w)) = {a(Z)~f(z)}. | 

Lemma 7. Let w be an edge of G and W2w the set of all smooth cycles z = 
(zo,.. .  ,Zs-1} of length s in the graph G so that z o = w  and the seed of z is empty. 
r : z__.a(Z) is a one-to-one function deigned on W ~ s .  I f  G I is an other 3-regular 

graph, and w I is an edge of G 1 then range (0 G,w,s) = range (r 

Proof. The proof of this Lemma is similar to the proof of Lemma 6. | 

Proof of Lemma 4. The statement of the lemma is an immediate consequence of 
Lemma 6 and Lemma 7, therefore we have completed the proof of Theorem 3 too. I 

3. Approximate counting 

First we give a table of the definitions which will be used in the remaining part 
of the proof: 

Definitions. 
(0.1) the random path r =  {r0,rl , . . .}.  
(0.2) G, h(e), t(e), e-path. 
(0.3) e-cycle, Cyc (G, s). 
(2.1) Sd(x ,y ,G,s ) .  
(7.1) A(G), )~, F(X) ,  B, P.  
(7.2) px,i(z), qx,~(z). 
(7.3) Mi G, ex(z). 
( 1 2 . 1 )  ~ x , i ,  ~y. 
(24.1) tx,y,i(z). 
(32.1) Sdo(x ,y ,G,s) ,  Sdp(x ,y ,G,s ) ,  Sdpo(x ,y ,G,s  ). 
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Definition (7.1). Suppose that G is a 3-regular graph on the set of vertices 
{vo,.. . ,Vn}. We define an n by n matrix A = A(G) associated with G in the 
following way: A =  {ai,j} where ai, j = 1/6 if (vi,vj) is an edge of the graph, ai,j = 
1/2 if i = j and aid = 0 otherwise. It is easy to see that A is a symmetric ma- 
trix whose eigenvalues are in the interval [0,1] and the largest eigenvalue of A is 1. 
Moreover if the second largest eigenvalue ), of A is smaller than 1 - e0 where e0 is 
an absolute constant, then there exists an a > 0 (depending only on e0) so that  for 
any X C G, IX f< n/2 we have I r ( X ) l _  (1 +~) lXl ,  where F ( X ) i s  the set of vertices 
which are either in X or have a neighbor in X. 

Let A be the matrix of the graph and P the orthogonal projection of the space 
onto the subspace orthogonal to the eigenvector of A belonging to the eigenvalue 
1 (this eigenvector is the constant vector), and let B = P A .  Since p2 = p ,  p .  = p  
and P A = A P ,  B is a symmetric matrix whose eigenvalues are in [0, 1]. 

Depending on the graph G we defined the matrices A, P,  B and the number A. 
(A is also the greatest eigenvalue of B). These matrices act as linear transformation 
on the vectorspace of real-valued functions defined on G. Ilfll will denote the 
Euclidean or L2 norm of f on this space unless we indicate otherwise. 

Definition (7.2). If G is a a-regular graph, IGI = n  and x , z  E G then let pz, i (z)= 
P(ri =ziro =x) ,  qx,i(z)=Px,i(z) - 1/n. 

In any connected graph if x is fixed then Px,i (z) tends to the uniform distribu- 
tion if i--* co. It is easy to see that  A(G) < l - e  iff there exists a 0 < p < 1 depending 
only on s so that  IIq ,il]---pg for all x and i. The following lemma will show that if 

]lq~,i[I 2 is small ( < n  -1 -5 )  for some i<c logn  and for all x then A ( G ) < l - e .  

Definition (7.3), For each i =  1,2,. . .  let 

M,/a = ( - i / n )  + max Ilpx,i[] 2 = max Hqx,il[ 2. 
xEG xEG 

(Here we used that q is orthogonal to the constant functions). 
Let ex be the function defined by ex(z )= 1 if z = x  and ex(z )= 0 otherwise. 

We will consider functions defined on G as n-dimensional vectors. Clearly Aiex = 
Px,i and Biex = qz,i, i = 1,2, .... We will denote the inner product of the vectors f 
and 

HP ,ill = px,i "pz,i = P(r2i = x lro = x) that  is it measures the number of cycles 
of length 2i starting from x. (Two independent paths of length i will meet at their 
endpoints with probability Px,i 'Px,i.) Mi a measures the maximal (in x) number of 
such cycles. Note that  M, G can be defined by M/a = - ( l / n )  +maxx,y{px,i .py,i} 
since the maximum is attained where the two factors are equal and are of maximal 
length. 

Lemma 8. V6 > O, e > 03cO so that for all sul~ciently large n, and for all positive 
integer s <_ elogn the following holds: if  G is a 3-regular graph on n vertices, and 
Ms G <n -1-6  ~hen A(G) < 1 -sO. 

Proof. Suppose 6 and c are fixed and e0 is a sufficiently small. (We will apply the 
lemma in the case when 6 is small and e is large.) 

As we have remarked earlier Ms a = maxm,y{px,s.py,s } - 1 / n  so our assumptions 
imply that for all x, y E G, IPx,2s (Y ) - l / n [  < n =1=5 that is we have [[A2Sez-ul[L~ < 
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n 1--5 where u = (1/n,...,  1/n}. (Since the entries in each row of A are nonnegat ive 

numbers  whose sum is 1, we have tha t  I[A2(s+l)ex- Ul[L ~ < IIA2Sex- UlfLoo, and 
therefore we may  assume tha t  s is even.) Let  t - -2 s .  Since the number  of coordinates  

is n, our  inequali ty implies tha t  [lAtex--Ul]L1 <n -e for all x, tha t  is IlPAtexllL1 < 
n - e .  

Now we use the following general p roper ty  of the L1 norm (which can be 
checked easily): If  D is an arb i t rary  linear t ransformat ion  then  VzlIDexlrL  < :~ 
implies VI(IIflIL~ <_ 1 ~  IIDIIIL~ <-;9" 

Applying this p roper ty  repeatedly  we get tha t  for an arb i t rary  positive integer d 
we have t](rAt)de~[lL~ <n -de. Since P A = A P  and p 2 = p  we have [[pAdtez][L1 < 
n-de. 

If  d is sufficiently large then ]lPAdtexllL2 < ]IPAdtexllLI < n -3 .  This implies 

tha t  for any f with I[f[lL2 < 1 we have IlPAdtfllL2 < ][fllL~zea[[pAdtezl[L2 < 
n x n x n -3  < n -1 .  Therefore the second largest eigenvalue of A is smaller than  
(n- i ) l / (dr)  = 2  1/(de) < 1. | 

n 2 k L e m m a  9. Let O <_al_<..._< an_< l, x /~=Y~i= lC  ia  i where ci (i= l , . . . ,n)  are 
arbitrary real numbers. Then 1 > x k + 1/x k > x k/x k_ 1 for k = 2, 3, . . . .  

Proof .  Xk+l = Ei=lOZiC2ozki,n 1 -> Xk+l/Xk = Ei=ln O~iC i20t ik//(}-~j=ln cj2ozjk) _= 
~ n  laiDi, k. If  0 < x < 1, let fk(x) = h i  where i is the greatest  integer with 
~j<i  Dj,k < x. The facts t ha t  each Dj, k is nonnegat ive and Ejn=l  Dj, k = 1 implies 
tha t  the funct ion fk takes the value c~ i on an interval of length Di, k. Therefore 

~ i n l  c~iDi, k = fo 1 fk(x)dx. So it is sufficient to prove tha t  fk(x) > fk_l(X) for all 
0 < x <  1. We prove tha t  for any 0 < i < n  we have ~j<iDj,k <~ j<iDj , k_ l  
which by the monotonic i ty  of the sequence o! i and the definition of fk implies our 
s ta tement .  

L e m m a  10. Suppose that A1,. . . ,An is an arbitrary sequence of nonnegative real 
numbers and 0 < f l  ~ ' "  <-- fin ~-- 1. Then for any i 

~ j<i  Aj }-~j<i f jA j  
n ~ r~ ~ j = l  Aj - Y~j=I f jA j  

n A provided that ~-~j=lfj jr  

Proof.  We may  suppose tha t  n n ~ j = l  Aj = 1. Let 7j = f j / ( E j = l  f jAj) .  Clearly 0 < 
. . .  1~ A 71-< -< 7n and Y~j=I ~/j j = 1. We have to prove tha t  

(10.1) E Aj >_ E T j A j .  
j<_i j<_i 

If  7/-< 1 then 0 < 71 _< ~/i ~ . . .  --~ 1 so our assertion holds trivially. If  ~i > 1 then 
1 < 7 / <  ...  -<Tn so Y~j>iTjAj >}-~j>iAj tha t  is 1 - ~ j > i T j A  j < 1 - ~ j > i A  j which 
is equivalent to  (10.1). | 
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Lemma 11. 
(11 .1 )  If  T is a s y m m e t r i c  ~ • ~ mat~i~ whose  e igen,alues  a~e in the  interval  [0,1] 
and x is an arbi trary n dimensional  vector then for any i = 0 , 1 , 2 , . . ,  we have 

Ilri+l~ll < IlTi+2~II 
ilTixll -IITi+lxll " 

(11.2) Va > 0 3 c >  0 so that  i r A  is an n x n s y m m e t r i c  m a t r i x  whose eigenvalues are 
in the interval [0,1], s>_clogn, then for any vector v we have 

, , A S v -  A~+lv,,2 <_ m a x  { ~ , , v , , 2 , o ' , , A S v l , 2 } .  

Proof.  (11.1) The  s ta tement  is an immedia te  consequence of L e m m a  9. | 

(11.2) Let U l , . . . , u  n be an or thogonal  system of eigenvectors of A and A1, . . . ,An 
be t h e  corresponding eigenvalues. Assume v = OZlU 1 -+- . . .  + OZnU n. Then  ASv = 
AIO~lU 1 ~- . . .  + ASOznUn . If  ]]ASv]l 2 < 1 _ ~ l l v l l  2, then IIA~+lvll2 _< IIA~II 2 implies 

tha t  the inequali ty trivially holds. Suppose tha t  IIA~II 2 > ~ Ilvll 2. We may  pick 

1 Therefore [IE{AS(hui lAi  < c so tha t  s_> c logn  implies tha t  ( 1 - � 8 8  < g2n  2" 

1 _ ~ / 4 } 1 1 ~ < ~  1 V 2<(~/4)11A%11< 

So A s _< 1 we get I l A S v - A S + l v l [  2 <_ [ IE{(A s - / ~ s + l ) o z i u i l / ~ i  < 1--~/4}[12 + 

II E { a ~ ( 1 -  a g ) ~ i l ~  _> ~ - ~ / 4 } l l  2. Applying the inequali ty at the end of the 
previous ~paragraph for bo th  s and s + 1 we get tha t  the first t e rm is at most  
2�88 To get an upper  bound  on the second te rm first we write cr instead of 
1 -  Ai then (using the or thogonal i ty  of the vectors ui) we extend the summat ion  

v ' n  Asi ~ o 2 to  all i.) This way we have tha t  the second te rm is at most  ~ ]1/--,i=1 i ~i~i  <- 
~[[ASv][ 2. Therefore I [ASv -  AS+lv[[ 2 <~[[ASvll 2. | 

Lemma 12. Let  G be a 3-regular graph,  x E G .  Then for any  i = 0 , 1 , 2 , . . . ,  we have 

1 
= _ + Ilqx,ill 2 r ( r 2 i  = x I ro = x)  = ]]Px,il] 2 n 

and 
1 
~ P ( ~ 2 ~  = �9 I~0  = ~) -< P( , '2~+a  = ~ I ~0 = ~) _< 2 P ( ~ 2 i + 2  = ~ ] 7-0 = x). 

Proof.  P(r2i  = zlr0 = x) = E v e c P ( r i  = yiro = x ) P ( r 2 i  = x[ri = y and ro = x) .  W e  

may give the second factor in a simpler form: P(r2i  =x]r i  = y  and t o - - x ) = P ( r 2 i  = 
x]ri = y) = P( r i  = x]ro -- y) = P( r i  = y]ro = x)  which proves the first equali ty of the 
lemma. The second is a consequence of the definition of qz,i and the fact tha t  it is 
or thogonal  to the constant  function. The inequalities are immediate  consequences 
of the fact P ( r j + l = r j ) = l / 2  for any j .  | 

Definitions (12.1). 
1. ~x , i  = ; x , i ( x )  = p ( r i  = x l r o  = ~). 
2. Aj = []BJ+lexl[2/[lBJexll 2. (.~j depends on x, a l though our nota t ion  does 

not show this dependency.)  
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Lemma 13. 
(13.1) ~x,2i=l/~+llqx,gll2=z/~§ i - 1  (I1j=o ~j)(1 - 1 / . ) ,  where �88 _< Xo _< ~1 <_... _< ai- 
(13.2) there exists an absolute constant  a < 1, so that  for all fl > 0 there exists a 
c > 0 with the following property:  i f  girth (G) > fl log n then for all x E G and 1 <_ j <_ 
clogn we have Aj < a .  

Remark. We use Lemma 14 for the proof of (13.2), and in the proof of Lemma 14 
we use (13.1). 
Proof.  Ilqx,01P = ((~- 1)/n) 2 + ( n -  1)n -2 = 1 - i / n ,  

i - 1  i--1 

I I  )'J = 1-I IIq~,J§ 2 = IIq~,ill2/llq~,oll 2 = IIq~,ill2( 1 - 1/n)-1" 
j = 0  j = 0  

Since Aj = ]lBi+lex []2/][Biex [[2 Lemma 11 implies that  Aj < Aj, if j < y .  

~ o -  Ilqx'lll2 - ( l lpx'l lI2-  ~-) 
[[qx,0[[2 ([[pz,0[[2_ 1) = 

((�89 +3 (I)2- i) (i-5) I 

1 - ( 1 )  (1 - 1  ) 4 

(13.2). We may assume that n is sufficiently large with respect to fl, otherwise 
we may pick a c with clogn < 1. Lemma 14.a) implies that  there is an absolute 

YI i - 1  / ~ . _  constant 0 < s < l  so that  11j=0 3 -  ( 1 - 1 ) - 1  iiq~,ill2 < ~  if 2i _< girth (G). Let 0<  
a < 1 be an absolute constant and k be a positive integer with the property 

(13.3) (1/4)c~k-1 > ~k. 

If p > 0 is fixed let e = f l /2k .  Assume that  girth ( G ) >  fl logn and contrary to 
our statement Aj > a for some j _< clogn. Since the sequence Aj is increasing we 
have that  ),j > c~ for all j > clogn. 1/4 _< A0 _< A1 _< ... implies that  if d =  [clogn] 

kd kd (i - _ then [ i j=0  Aj >_ (1/4)do~ (k-1)d. On the other hand, I] j=0 Aj = 1 ) - 1  [iqz,kdl[2 < 

Kkd that  is (1/4)doz (k-1)d i ~kd in contradiction to (13.3). | 

Lemma 14. 
(14.a) There  exists an absolute constants 0 < a < 1, so that  i f  G is a 3-regular graph 
on n vertices, i is a posi t ive integer, girth (G) > 2i, then 

iiq~,ill 2 + ! _- ilpx,ill 2 _< ~i. 
n 

(14.b) There exists an absolute constants 0 < a~ < 1, so that  i/GAs a 3-regular graph 
on n vertices and i is an arbitrary posi t ive integer, then ~:'' ~ " ; :~ ~ . . . .  

IIq~,~ll 2 _> (E)  i 
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Proof .  (14.b) is an immediate  consequence of liqx,011~=l-(1/~) and (13.1). (Here 
we do not  use the assumpt ion about  the gir th of the graph).  

(14.a) Since there are no cycles shorter  than  2i and containing x, the set of 
those points in the graph whose distance from x is not greater t han  i form a tree. 
Let dj  be the distance of rj and x for j = 0 , 1 , . . .  ,i. Therefore for any fixed sequence 
x = a o , . . . , a i  we have P ( d j + l  > d j l ro  = a o , . . . , r j  = a j )  >_ 2/6 > 1/6 _> P ( d j + l  < 
djlro = a 0 , . . . , r j  = aj) .  So according to Chernoff 's  inequali ty there are constants  
c~ > 0,c2 > 0,o3 > 0,c~ > ~3 so tha~ P ( IU  < i 1 ~ , ~  > ~ } l  > ~2i ~nd I{J < itdj+~ < 
dj }1 < c3 i I ro = x )  >_ 1 - e - c~ { tha t  is 

(14.1) P ( d i  > @ 2 -  c3)/) > 1 -  e - c l i .  

The s y m m e t r y  of the tree implies tha t  the value of px , i ( z )  is the same for each 

z with a fixed distance (less than  i) from x. So, for Ilpz,ill 2 (with the condit ion d i > 

( c 2 -  c3)i), IIg]l 2 + e  -c~i  is an upper  bound,  where g is a dis tr ibut ion concentra ted  
on the points whose distance from x is [@2 - c3)i]. Clearly there is a c4 > 0 so tha t  
Ilgl12<_ e -c4i  which together  with (14.1) implies our assertion. | 

The  following L e m m a  states t ha t  if r0 = r e  tha t  is t o , . . .  , r e - 1  is a cycle and 
s = 71ogn,  then with high probabil i ty all the occurrences of x in the cycle will be 
close to either 0 or s tha t  is if ri  = z then either 0_< i </3log n or s - f l l o g n  < i < s for 
some small constant  /3 > 0. Since the girth of the graph is bigger than  f l logn  this 
implies tha t  the seed of the cycle contains x at most  once. Indeed  two occurrences 
of x in the seed at distance d implies tha t  the gir th of the graph  is at most  d. So 
L e m m a  15 implies tha t  with high probabil i ty the seed of a cycle of length ~/logn 
contains each of its points only once. 

Lemma 15. V/3 > 0 36 > 0, 7 > 0 V7 f > 7 i f n  is  s u ~ c i e n t l y  large and G is a 3-regular  
graph  on n ver t i ces  w i t h  gi r th (G)  > f l iogn,  x E G and 71ogn_< s < 7 Q o g n  t hen  

P ( 3 i  r i = z  and f l l o g n  < i  < s - / 3 1 o g n l r o = x  and  r s = x )  < n  -~ .  

Remark .  Natura l ly  the last inequali ty of the l emma also holds if we replace/3 by 
any larger constant .  The  role of the condit ion gir th (G) >/3 log n is just  to  give some 
constant  • logn  lower bound  on the girth, and not to restrict  ft. 
Proof .  It is enough to prove tha t  for any fixed i E [/31ogn, s - / 31ogn] ,  P ( r i  = x lro = 

x and r s = x ) < n  -5 '  for some 5 ' > 0 .  P ( r i = x l r ~ = x  and r o = x ) = P ( r i = x  and r s =  
xlro=x)/P(rs =z[r0 =x) To get an upper  bound  on this expression we use tha t  
P(r~ = x and rs = :c" l r0 = x) = P ( r i  = x I ro = x ) P ( r s  = x I ri  = x and r0 = x) = P ( r  i = 

So we have 

P ( ~  = x I ~ = x a n d  ~o = ~ )  = 

( 1 5 . 2 )  = P ( ~ i  = ~ I ~o = x ) P ( ~ _ ~  = �9 I ~'o = x ) / P ( ~ 8  = ~ I ~o = ~). 

According to L e m m a  12 and L e m m a  13 for any t ,  P ( r t  = x I ro = x )  < 
t/2--1 

( 1 / n  + [ I j = 0  Aj)2 and P ( r t  = x I ro = x)  >_ ( 1 / 2 ) ( 1 / n  + YItj/20 Aj)(1 - 1 / n ) .  Using 

these inequalities and (15.2) we get 
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(15.3) P(ri = x I rs = x and r0 = x) _< 

16 1/n + l-I  Aj 1In + r I  )u 1/n 
j =0 j =0 

Now we consider two separa te  possibilities: 

~s/2J --1 ) 
+ I I  )'J �9 

j=0 

Case 1. )~Ls/S] -< 7 = V ~ ,  where a is the absolute  constant  in L e m m a  14. 
_ yi[i/2 lJ Assume tha t  e.g. i > s - i .  Then  the p roduc t  l l j = 0  .~j contains at  least s/8 

factors  which are less then  7. So if 7 is sufficiently large (compared  to T) then  the  
p roduc t  is smaller  t h a n  1/n. (Here we used t h a t  the  sequence )~j is increasing and 

. . . .  Li/2-1] " <2/n.  )~j _< 1). This  implies t ha t  ! / n  Jr l l j = 0  A j _  

In a similar  way we m a y  get an uppe r  bound  on 1/n+ llL(s-i)/2j 1 l l j  0 Aj. Here 

the  p r o d u c t  m a y  have only /31ogn factors so our uppe r  bound  will be only n -5  
where 5 > 0 is sufficiently small  compared  to /3  and 7. O u r  two upper  bounds  imply  

. . . . .  L i / 2  lJ,xj)(1/n~_yiL(s-i)/2]-I x . ) ~ n _  1 5 t ha t  ~• Jr l id=0  ~ 1 U=0 "'3 where  8 > 0 depends  only 
on ft. (7 is an absolute  constant) .  

The  denomina to r  in (15.3) 1/n+l-l}~/0 2j-1 ),j is t r ivial ly at  least 1/n so (15.3) 

implies tha t :  P(ri =xlr~ = x  and r0 =x)_< n -6  which proves our s t a tement .  

Case 2. X[~/8J > v/-d. 
We will denote  the  three  p roduc t s  occurr ing in (15.3) by y[ ' ,  [ y '  and [ I  m. 

Since 1/n + I] m >> max{1/n ,y[  m} we have P(ri = x I t s  = x and r0 = x) _< 
1 6 ( 1 / n +  Fl '+[ l"+(I -[ ' l -y ' / [ Im)) .  The  first s t a t emen t  of L e m m a  14 and i E 
[~logn,  s - ~ logn]  implies t ha t  YI' + [I" < n - &  where (~1 depends only on/3.  Sup- 
pose now tha t  e.g. i>_s/2. To give an uppe r  bound  on F i ' [ I " / [ I  'H we use (14.a), 
the monoton ic i ty  of the  sequence )~j and )~[s/8] > v ~ .  The  number  of factors  

in YI' I T '  and FI'" is the  same. The  beginning of 1-I m and [ I '  are identical  so 
we m a y  cancel them.  The  remain ing  expression can be wr i t t en  in the  form p = 

[ i}(Soi) /2J-1  ~ where d =  ~(i/2) - l j .  The  monoton ic i ty  of ;~j implies t ha t  each Aj+d 
factor  is at mos t  1. Therefore  if m =  Lfllogn ] then  p <  I ] ~ - 0  A~  < i[qzlrnll2/a ~ < 

~X j_}_ d - -  

a m / a ~  < a ~  < n -6 which completes  the  proof  of L e m m a  15. II 

In our es t imates  abou t  the number  of cycles the error will be small  compared  
to Ms a .  Since Ms G has  been defined in t e rms  of the  quant i t ies  px,s(x), x E GI we 
give uppe r  bounds  for the  probabi l i t ies  P(ri = y, and rs = x I ro = x) in t e rms  of 
expressions like Pz,j (x), py,j (y) for a sui table j .  The  following L e m m a  16, gives a n  
uppe r  bound  of this type.  The  L e m m a  consists of four par ts ,  each pa r t  guarantees  
an uppe r  bound  only if cer ta in inequali t ies hold. We will see in L e m m a  18 t h a t  at  
least  one of these four condit ions are always satisfied, so L e m m a  16 actual ly  covers 
every possible cases. 
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L e m m a  16. V/3 > 0 35 > 0, ~' > 0 V7 / > 7 i f  n is sut~ciently large and G is a 3-regular 
graph on n vertices with girth (G) >/31ogn,  x, y r G and 71ogn < s < ~/~ logn  then 
for each fixed i wi th /31ogn < i < s - / 3 l o g n  the following four conditions hold: 

(16.1) ifpx,~(y) _< 4px,~(x), and ;~,s-~(y) _< 4p~,s-i(x) then P(~i = >  and ~s = ~  I 
ro = x) < n-6p~,, (x); 

(16.2) ifp~,i(y) _< % , i ( y )  and ;x , s - i (y )  < 4py,~-i(y) then P ( ~  = > and r~ = ~ I 
~'0 = ~) < n-qo~,~(y); 

(16.3) i f  px,i(Y) <_4px,i(x) and Px,s-i(Y) <-4Py,s-i(Y) then P(r i  = y ,  and  rs -- x ] 

~0 = x) < n -~  ( (w,s  (~))i (vy,s (y))s- i )  ~; 
(16.4) i f  Px,i(Y) <_ 4py,i(y) and Px,s-i(Y) <- 4px,s- i (x)  then P(r i  = y, and rs = x ] 

~0 = ~) _< ~ -~ ((;y,~ (y))~ (;x,~ ( , ) )~ - i )  ~. 

Proof. (16.1) and (16.2). e ( ~  = > and r~ = ~ I ~0 = ~) = ;~,~(Y>~,~-~(V) _< 
16px,i(X)px,s-i(x).  This  is the  same produc t  which occurred in the nomina to r  of 
(15.2). In  the  proof  of L e m m a  15 we have shown tha t  Px, i (X)px,s- i (x) /px ,s(x)  4_ 
n -5  which implies our s t a tement .  Since Px, j (Y) - -py , j (x )  for any j (16.2) follows 
f rom (16.1) by reversing the  roles of x and y. 

(16.3) and (16.4). We prove only (16.3), (16.4) can be proved in a simi- 
lar way. e ( r i  = y, and r.s = x I r0 = x) = ;x, i(Y)Px,s-i(Y) <- 16Vx,i(X)py,s-i(y) 
so we need an uppe r  bound  on: Px,i(x)Spy,s_i(y)S/(px,s(x)ipy,s(y) s - i )  = 
(Px,i(x)S/px,s(X)i)(Py,s_i(y)S/py,s(y)s-i) .  (In the remain ing  pa r t  of the proof  we 
will wri te  Px,i for Px,i(x) etc.) 

Let  J =  [s /2J ,  i ' =  ki/2j.  First  we es t imate  pSx',i/pi~, s. In the  same way as in 
the  proof  of L e m m a  15 we m a y  use L e m m a  !3 to get an upper  bound  on the  last  
expression. 

~' i' i' , '  ~' i' 1-[(/3/2)Jog~ ~ Px,i/Px,s < - 4 s ( 1 / n + r l j = o A j )  / ( 1 / n + Y I j = o A j )  �9 Let n -p  = j=0 a'  
L e m m a  14 implies t ha t  p > c(/3) > 0 where c(/3) depends  only on /3. Since it is 
enough to prove the  L e m m a  for all sufficiently smal l /3  we m a y  assume tha t  p < 1. 

i t s I 
Case 1. i' < ~s'/2.  i _> Zlog~ implies 1 /~  + [Ij=o ;b <- 2~-P. 1/~ + Fly=o ~j >- 1/~ 

_ _ p2~'. 9~i' 82Sn-C(~)s '. therefore pS'i/pi~, s < 8Sn-S 'pn i' < 8Sn -c(5)s'/2, therefore x,i/Px,s <- 

Since 1/n<_px,i _< 1 and 1/n<_px,s _< 1 we have pSx,i/pix, s <82~n -c(~)s+2. 

ip Case 2. i' > p , ' /2  and [ l j=0  ~j -< 1/~.  We have ;~',i/P~,* < S ~ - ~ ' ~ '  = S~-s '+~ '  
and so, as in Case 1 this implies pSx,i/pix, s <_ 82Sn -s+i+2. 

i' p J / J  <s~(1-l} '-0~j)*'  ~' Case 3. i ' > p s ' / 2  and r i j = 0 A j  > 1/n.  x,~ x , s -  - _ ( [ I j = 0  A j ) - i '  I f  ~/ 
is sufficiently large then  the  monoton ic i ty  of the  sequence Aj and the  assumpt ions  

i' >_ ps ' /2  and I-Ij=okj >_ 1 /n  imply  t ha t  ) '[s/8j > V ~ where c~ is the  absolute  
cons tant  given in L e m m a  14. ( I f /3  > 0 is sufficiently small,  then  according to 
L e m m a  13 and 14 we m a y  suppose t ha t  Aj < c~ for all j < /31ogn) .  The  p roduc t s  

i '  s ~ i' j i  ~ (1-[j=0Aj) *' and ( r i j = 0 A j )  bo th  contain  factors.  We m a y  cancel f rom b o t h  the 
i ~ s ~ . nomina to r  and the  denomina to r  of (I-Ij=o Aj)s'/(1-Ij=o Aj) ~' the factors  contained 
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i t i l  
in (l~j=o Aj) . After this each factor of the denominator is greater than any factor 

of the nominator. Moreover there are ( J - i r ) ~ l o g n  factors of the first product 
which is less then a, while a positive proportion of the second product (Aj , j  > s/8) 

s' i' 8sn -5(3/4)(s ' - i ' )  where 5 > 0 depends is greater than v/a. Therefore Px,i/Px,s <- 
, pS /pi < 82Sn-5(3/4)(s-i)+2. only on 2 > 0  and so x,i ,  x , s -  

81 81 i 1 
If we replace x by y and i by s - i  we get similar upper bounds on Py,s- i /Py ,s  �9 

In all of the three cases (p~,i(x)*/px,~(x)i)*/~ _< c where c is an absolute 
constant, so if Case 1 holds for either i or s -  i then using the upper bound c 
for the other factor we get the statement of the Lemma. 

If Case 1 does not hold for either i or s -  i, then Case 2 or Case 3 must hold 
for both of them (not necessarily the same case for both). Since either i <_ s /2 or 
s - i < _ s / 2  the upper bounds for Case 2 and Case 3 implies (16.3). | 

We may use the same argument to prove the following slightly more general 
statement: 

Lemma 17. V/3>0 35>0 ,  7 > 0  V71>7 i f  n is sut~ciently large and G is a 3-regular 
graph on n vertices with girth(G) > tSlogn, 71ogn _< s _< 711ogn, s = il + . . . + i k  
where ij >_ t31og n is an integer for j = 1, . . . ,  h and X l , . . . ,  xk E G, then 

1 

[I (xj)) J 
j= l  

k Proof. We need an upper bound on r i j=l (px j , i j (x j ) )S / (px j , s (x j ) ) iJ .  As in the 
previous proof we consider each factor separately. With ij --~ i each of these factors 
satisfies the assumptions of Case 1, Case 2 or Case 3 and so we may conclude the 
proof in a similar way. | 

Lemma 18. Assume that  the requirements of  L e m m a  16 are met.  Then the as- 
sumptions in at least one of  the four assertions (16.1), (16.2), (16.3) and (16.4) are 
satisfied. 

Proof. Let k = Li/2J. Then Px,i(Y) <_ 2Px,zk(y) -- 2px,k "Py,k <- 211Px,kllllPy,kll. If 
IlPx,kl] >- ]lPy,kll then using Ilpx,kll 2 =Px,2k(x) we get: Px,i(Y) <- 2px,2k(x) ~_4px,i(x). 
If IlPx,k II <- IlPy,k I] then using IlPx,k II 2 =Px,2k (x) we get: Px,i (Y) ~- 2py,2k (Y) <_ 4py,i (Y). 

In a similar way we may prove that  either Px,s-i  (Y) <_ 4px,s-i  (x) or Px,s-i  (Y) <_ 
%,~-i(y). | 

Lemma 19. V/~>0 35>0 ,  7 > 0  V7I>7  i f  n is sufficiently large and G is a 3-regular 
graph on n vertices with girth(G) > ~ l o g n ,  x~ y c G and 71og n ~ s ~ Tl log n then 

P ( 3 i  r i = y, ~ ] o g n  < i < s -  ~ l o g n  and rs = x [ r  0 -- x) < n - 5 ( ( 1 / n )  + M~G), 

where J = / s / 2 J .  

Proof. According to Lemma 18 one of the four cases of Lemma 16 always holds. 
The definition of Ms g implies that  1/n+Msg, >>-Px,2s, (x) >_ 2px,s(x) and 1/n+Msg, >_ 
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Py,2s' (Y) >- 2py,s(y) so the r ighthand side of all of the four inequalities in L e m m a  16 

is at most  n-~(1 /n+MsG,  ). Since there are at most  ~ / logn  choice for i this implies 
the assertion of the Lemma.  | 

Lemma  20. V/3 > 0 36 > 0, " / >  0 V~/' > "~ i f  n is sut~ciently large and G is a 3- 
regular graph on n vertices with girth (G) >/3 log n, 7 log n _< s _< 7 '  log n, w l , . . . ,  wk, 
Yl , . . . , Yk  6 G, s = il  + . . .  + ik where ij >_/31ogn is an integer for j = 1 , . . . ,  h and 

r l , . . .  ,r ~ are k independent  copies of  the random variable r, then 

P r = yj [or all j = 1, 2 , . . . ,  k I r3o = wj for a11j = 1, 2 , . . . ,  k < 

n-5((i/n) + M ~ ) ,  where s' -- Ls/2J 

k Proof .  We need an upper  bound  on [ I j= lPwj , i j (Y j ) .  The same way as we have 

done in the proof  of L e m m a  18 we may  show tha t  for each i = 1 , . . . ,  k, Pwj,ij (Yj)<- 
4(Pxj,ij (x j ) )  where x j  = wj  or xj  = y j .  Therefore L e m m a  17 implies our s ta tement .  | 

Lemma  21. If G is a 3-regular graph, x E G and i , j  are positive integers then 

Proof. P x , i + j  (x )  = P ( r i + j  : x I ro = x )  >>_ P ( r i + j  = x and ri = x I ro = x )  = P ( r i + j  = x I 

Lemma 22. Vp > 0 37 > 0 V~/> 7 35 > 0 such that  i f n  is sul~ciently large and G is a 
3-regular graph on n vertices, A(G) > 1 - e, g i r th(G)  > i log n, "y log n _< s _< 7 '  log n 
and x E G then for all 0 _< j < (1/10) log n we have 

Ilqx,~_jll 2 _< (1 + ~ / M ] .  

Proof.  L e m m a  8 implies 
(22.1) M G > n  -1 5 for some 6 > 0  depending only on c. 

Let J0 be the smallest na tura l  number  less than  (1 /10 ) logn  so tha t  

(22.2) Ilqx,~-j0 II 2 > My. 
If  there is no such number  than  our assertion trivially holds. According to 

L e m m a  13 the sequence Ak is monotonous.  Llqx,~_jll2 > (1 + p ) J M ~  a would imply  
)'k < 1/(1 + p) for some k, s - (1/10) log n < k < s, and if 7 is sufficiently large then 
according to the produc t  formula of L e m m a  13 we would get Ilqx,~ J0 II 2 < 1/~2 in 
contradict ion to (22.1) and (22.2). | 

The  following L e m m a  states tha t  the dis tr ibut ion of the endpoint  of a r andom 
pa th  of length s changes slowly if s is large, provided tha t  A is close to one. 

Lemma 23. V~ > 0 3-y > 0 V71 > 0 3e > 0 so that  i f  n is sut~ciently large and G is a 
3-regular graph on n vertices, A(G) > 1 - e, 71ogn _< s _< ~/ logn,  then for ali x E G, 

Im,~- q~,~+~Li ~ -< ~%~ <-~Mf. 
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Proof. According to Lemma 8, A(G) > 1 -  c implies that  Ms a > n -1"5. If  s is 
sufficiently large then according to this and (13.1) we have 2Ms~ 1 > M s  G, therefore 

it is sufficient to prove that  [[qx,s-qx,s+ll[ 2< _ (~/2)Ms G. 

M~allqx,oll 2 -  - 1 -  (1/~), q x , s - - B S q x , o  we may apply Lemma 11. If IIqx,sII2 < 
1 / n 2 ( 1 -  ( i / n ) )  then our assertion trivially holds. Otherwise it follows from 

Lemma 11 that  Ilq~,~ - qx,s§ 2 _< (~/2) llq~,~ll 2 -< (~/2)Ms G- | 

Corollary 24. Vcr ~ > 0, J0 33' > 0 V~ ~ > 0 ~e > 0 so that  i f  n is sul~cient ly  large and 
G is a 3-regular graph on n vertices, ;k (G) > 1 - e, 3" log ns  <_ 71 log n, then for all x E 

G and O<_j<_jo we have IIq~,~-q~,~_jll2<_~'M~. 

Proof. Lemma 23 implies tha t  O M~+I <_ maxxcGllqx,s+ll[  2 <_ maxxEG(1 + 

~)llq~,~+all2 _< (1 +~M~). So the Lemma also holds if We replace M G by MsG+I . 
This observation also implies tha t  we may suppose that  if 3' is sufficiently large, 
then M8 G j _< (1 + cr ' / j2 )Ms a for j = 0,1, . . .  ,J0. So if we apply the Lemma in this 
form, repeatedly, with s + 1 -~ s - ]~, k = 0, . . .  ,Jo, then we get the s ta tement  of the 
Corollary. | 

Definition (24.1). Suppose G is a 3-regular graph < x , y > E  E ( G )  and z E G. Then 
let tx,y,i (z) = P ( r  i = z and for all j = 1 , . . . , i - 1  ri ~ {x,  y} I ro = x).  If H is a subset of 

H,w ~ , =  p (ri  = z and if j is the largest integer in [0,i G and w E H  then let Px,i ~z) 1] 
\ 

rj  E H  then rj  - - w i t  0 = x ) .  with 

Lemma 25. There exist absolute constants  0 < o~ < 1,~0 and in[inite sequences 
bo,bl , . . . ,  e0,Cl,. . ,  of real numbers  so that  Ibjl < ~J and Icj] < c~J for j = j o , J o + l , . . . ,  
~jCC=o(bj+cj) = 2/3 and Y/3 > 0 3~ > O, ~ > 0 Y3'' > O, 3e > 0 so that,  i f n  is sut~cient ly  

large and G is a 3-regular graph on n vertices wi th  ;~(G) > 1 -  e and girth (G) > 
91og~, < ~ , y > ~ E ( a ) ,  3"log~_<s_<~'log~, i =  L(Z/2)log~j, then 

i 

g 9'X(z) =  (bjpx,s_j + ejp ,s_ ) + R 
j=O 

~here IIRII ~ ~ - ~ J .  
To prove this Lemma we need Lemma 26, Lemma 27 and Lemma 28. 

Lemma 26. There exists  an absolute constant  1 > ~ > 0 and an ini~nite sequence 
o f  posi t ive  real numbers  a l , a 2 , . . . , a j , . . ,  so that  aj < oz j j = 1,2, . . .  and i f  n is 
sumc ien t l y  large, G is a 3-regular graph on n vertices, i is a pos i t ive  integer and 
girth (G) > 2i and y is a neighbor o f  x then P ( i  is the smal les t  posi t ive  integer so 
that  y ~  { r l , . . . , r i _ l }  , x ~ { r l , . . . , r i - 1 }  and ~ = x l r o = x ) = a i .  

Proof. Let a i be the probabili ty of the event described in the lemma. Our 
assumption about  the girth of the graph, implies that  ai does not depend on G. 
Indeed the neighborhood of x with radius i determines ai and this neighborhood is 
the same in each graph (up to isomorphism). 
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We have to prove only that  ai <_ c~ i. According to the definition of ai, ai 
P(r~=zlro=z)<_px,i(z)<_2llpx,2L~/2j II 2, so Lemma 14 implies our statement.  I 

Lemma 27. p(,Z~Y}'X(z)= 2~=opz,j(x)G,y,~ j(z). 

Proof. p{xZff }'z (z) is the probabili ty of the event that  a random pa th  start ing form 
x reaches z at step s so that  the last element in the pa th  (not counting z) from 
the set {x,y} is x. This event is the disjoint union of the same events with the 
additional requirements that  the last element of the pa th  in the set {x,y} is the 
j - t h  one. The probabili ty of this event is the product  of the probabili ty that  the 
pa th  is at z at t ime j ,  that  is px,j(x), and the probabili ty that  s tart ing from x, 
a random path  reaches z in s - j  steps, so that  apart  form the start ing point and 
(possibly) z, no element of the pa th  is in {x,y}, that  is tx,y,s-j(z). I 

Lennna 28. Suppose that the conditions of Lemma 25 hold. Then 

i 
1 

j = l  

where aj is defined in Lemma 26 and I[R][ 2 <_ n-hMs G. (When taking norm we 
consider R as a function of z). 

Proof. tx,y,s(z) is the probabili ty that  a pa th  start ing from x reaches z at step s so 
that  none of its points apart  from r0 and rs is contained in {x,y}. If we don' t  have 
any condition on a pa th  start ing from x then the probabili ty that  it reaches z at 
step s is px,s(z). So we have to subtract  from this the probabilities of the following 
events: the pa th  reaches z in s step and 
(28.1) j is the smallest integer in the interval [1, s - 1 ]  with rj C {x,y}. 

We will call this event r~. (Clearly these events are disjoint.) For j = 1 the 
1 probabili ty that  we have to subtract  from px,s(z) is alPx,s-l(~) + gpy,s-l(Z). If 

1 < j _< i then Vj excludes rj = y so P(Vj) = ajpz,s-j(z).  Therefore we have 

( = x  a n d  r ~ - ~ j = l a j p x , s - j ( z ) - ~ j = i + l P k  j (28.1)1 

ro = X)px,s-j (z) - ~ ; = i + 1  p (rj = y and (28.1)lr 0 = x) Py,s-j (z). 
Here and later several times we estimate the square of the norm of a sum using 

II E ~ I  max~n i I1~{112. We need upper bounds on the square of the norms 
of the terms of the last two sums. p =  IIP(rj = z  and (28.1)1 ro =X)px,~_j(z)ll 2 <_ 
(Px,j(X)) 2[Ipx,s-j(z) ll2=(p~,j(x)D2px.2(s-jD(z)- 

If j >_ s/2 then Lemma 15 implies that  (p~,j(x)) 2 <_n-3epx,2j(x). According to 

Lemma 21 p <_ n-36px,zj (X)px,2(s_j)(x) <_ n-a~Px,2s (x) <_ n-35 ( (1/n) + MsO). 
If j < s/2 then, p < (Pz,j (x))2px,z(s_j)(x) <_ Px,2jPz,2s-2j and since 2j >/3 log n, 

Lemma 15 implies p <_ n-hpx,2s <_ n-35((1/n) + Mgs ). 
IIP(rj = y and (28.1) I r0 = xDpy,s-j(z)ll <_ (pz,j(y))Npx,N(s_j)(x). px,j(y) <- 

6px,j+l(X ) < 12px,j(x) (x and y are neighbors) we get the same upper  bound as in 
the previous case. 
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Using both  upper  bounds we get that  if tx,y,s(Z) = Px,s(Z)-  lpy,s-l(Z)- 
i a E j = I  jPx , s - j ( zD+R then IIRII 2 _< n - 2 5 ( 1 / n + M G ) .  A ( G ) >  l - e ,  so Lemma 8 

implies tha t  Ms G >_ n -1-5/2 so IIRI[ 2 _<~-6M~ which proves our lemma. | 

P roof  of Lemma 25. In Lemma 27 ~{x,y},x is given as a sum. First we consider the FX~8 

first i terms of this sum. Since girth (G) > 2i, the numbers Pz,j (x) do not depend on 
x or on the graph G. Let hj = p z r  Lemma 14 implies that  there is an absolute 

constant 0 < p < 1 so tha t  ]hj]< p3. If  we substi tute tx,y,s-j by the expression given 

et {x,y},xl ~ v-~2i i , t~ •  in Lemma 28 we g Px,s (Z)=2..,j=oi, Ojl~x,s_j~ jl~y,s_j]-~-Rl-~-R2 where R 1 is 
the remainder from the series in Lemma 27, R2 is the sum of the error terms from 
Lemma 28 and Ib}] < aJ,  Ic}l < aJ for some c~ < 1, j _> J0. Since Px,j (x) and a t , j  -- 
0,1, . . .  does not depend on anything we have the same for the first i elements of 

I l C 1 the sequences bj,cj. (The numbers " " " ' may depend on i, ~176176 2i 
since we took only the first i terms from the series in Lemma 27). Let bj = b}, cj = 
c}, j = 0 ,1 ,2 , . . . , i .  We get bj,j  > 1 from each te rm of the type Px,k (X)tx,y,s-k (z) for 

k = 0,1, . . .  , j .  The contribution of the k-th such te rm to bj will be --Px,k(x)ak_j, 
that  is bj = -  ~-~=oPx,k(x)ak_j. We have a geometric upper  bound on both  of the 
sequences px,k(X), k =  1, . . . , i  and at, t =  1,... ,i, so this implies the upper  bounds 
on bj as required in the lemma, (and a similar upper  bound on the numbers cj can 
be proved, actually more easily). These estimates hold for the sequences b}, c} in 
the interval i _< j < 2i too, since a sum equal to e.g. bj, can be derived from the 

previously used sum bj =-}-~=oPx,k(x)ak_j  by omitt ing some of the terms. 

We will est imate both  IIRIII 2 and IIRNIIL 
IIR211L As a result of the application of Lemma 28 the upper  limit for j is 2i 

instead of i. The upper  bounds [b~ 1, I~1< ~ imply that  if 5 is sufficiently small with 

respect to c~ and/3  and j > i, then Ib~l, Ic~l < n-2L On the other hand Lemma 8 

and A(G)>  1 - e  imply that  Ms a > n  -1-(~/4) .  So Lemma 13 and the monotonicity 

of the sequence Aj imply that  Ilp~,~-j II _< n ~ / 2 M ~  �9 According to these inequalities 
we may omit  the terms of the sum for j > 2i and we get a third error te rm R3 with 
[[R3[I 2 <_n-6Ms a. Lemma 28 implies that  we have the same upper  bound on R2. 

]l/hilL We have 

]ipx,~(x)tx,y,8_j(z)]l  2 < Ilpx,5(X);x,8_j(z)li 2 <_ 
2 2 -< (px,j(x))21Jp~,~-j(z)l i  2 -< (px,5(x)) (px,2(~-~)(x))  - 

Using the same argument  as in the proof of Lemma 28 we get that  the sum is at 

most n-SMs a which completes the proof of the approximation for ~{x,y},x given in IJX~8 

Lemma 25. We have to prove that  ~j~ j + c j ) - - 2 / 3 .  

Assume now that  G is a 3-regular infinite tree and x,y  are neighboring points 
in G. 
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It is easy to see that  for any s 

8 

(L1) P{J~Y}'X(z) : E (bjpx,s-j + cjPy,s- j) .  
j=0 

Let X be the set of those points in G which are closer to x than  y. Ob- 

viously if z ~ X, z r y then p{xZff }'x(z) = 0. Because of the symmetry  of the tree 

~{x'Y}'X(z' =2/3+o3(1). (The error term comes from the possibilities z x or zCG Fx,,~ \ ] 
z=y) .  Since Px,s-j ,Py,s-j  are probabili ty distributions on G, their sum for all z E 

_ _  i C G is 1. So adding both sides of (L1) for all z ~ G  yields: 2/a-Ej_0(v~+ j)+o~(1) 
which completes the proof of Lemma 25. | 

Lemma 29. Vcr > 0 37 > 0 V7 ~ > 0 3e > 0 so that i f G  is a 3-regular graph on n 
,ertiees and a ( a )  > 1 - ~ ,  gir th(G) > (1/10)logn,  71ogn < s _< ~ ' logn ,  Ilp~,ill 2 = 

+ M 2  y is a neighbor or , then 

Proof. Let Yl = Y, Y2,Y3 be the three neighbors of x. The definition of Px,s implies 
1 3 1 that  Px,s = ~Px,s-1 + ~-~j=l ~Pyj,s-I~ and the same holds for the corresponding 

functions q, that  is 

3 
1 1 

(29.1) qx,s = ~qx,s 1 + E ~qy3,s-1. 
j : l  

According to Lemma 23 we may suppose tha t  Ilqx,s 1112< - (1+  l o - ) M s  G and 

[Iqy,~_ill 2 < (1+  ~ ) o - M y .  These inequalities imply that  the norm of any of the 

four vectors qx,s-l,qyj,s-1 is at most ~ ] l q x , ~ l l .  Taking the inner product  of 

both  sides of (29.1) with the vector qx,s, we get that  Ikqx,~l[ 2 = �89 + 
3 1 ~ j = l  gqyj,s-1 �9 qx,s. Our upper bound on the lengths of the vectors implies that  

none of the four inner products on the righthand side is bigger than  (1+or)Ilqx,s II 2 
so to get an equality all of them must be at least (1-(r)Ilqx,.~ ]12, tha t  is qz,s'qv,s-1 > 
(1 - ~)IIq~,s II 2, which implies ]lqy,s-1 - qx,s [I 2 <- 4o-Ilqx,s II 2. So our Lemma follows 
from Lemma 23. | 

Lemma 30. Vc~ > 0, /3 > 0 37 > 0 V7 ~ > 0 3e > 0 so that i[ n is sul~ciently large and 
G is a 3-regular graph on n vertices so that A(G)> 1 - e  and 7 < s < 71 logn then 

(30.1) e z ( a )  b IIp ,  -p , ll 2 -> a M ] }  </91s(a)l .  

We need the following lemma for the proof of Lemma 30. 
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Ibemma 31. Vc~ > 037 > 0, e > 0 so that i f  n is sufficiently large and G is a 3-regular 
graph on n vertices with A(G) > 1 - e  and  s>_vlogn then 

(31.1) ~ IIq~,~ll 2 _< (1+  c~) ~ Ilq~,~+lll% 
uCG u~G 

Proofi  Let  Qi = (qu,i I u E G}. There  is a symmet r i c  l inear t r ans fo rma t ion  W with  
WQi  = W Q i + l ,  (consist ing of n copies of  B).  The  eigenvalues of  W are in the  
interval  [0,1] since each eigenvalue of W is also an eigenvalue of B.  So according 
to L e m m a  11 if (31.1) does not hold then  it does not hold either if we replace s by 
any t _< s. Therefore  

(31.2) ~ Hqu,sll 2 <_ (1 + a )  - s  E Ilqu,~ -< (1 + oO-Sn < (1 + oO -s /2  
uCG uCG 

if 7 is sufficiently large compared  to (~. On the  other  hand  let f = ~ u c G  ~ueu be 
an eigenvector  of B wi th  a max ima l  eigenvalue and of length one. For any fixed 
u we have, IIBSeu]12< ~ v e G  Ilqv,sll 2 and therefore  IIBSf]12> ~ v ~ G ~ v ( l + o O - s / 2 .  
Since ~ v ~ v  < n this cont radic ts  to llBSf]l > ( 1 -  c) s if 7 is sufficiently large and c 
is sufficiently small  wi th  respect  to ~. | 

P r o o f  of  L e m m a  30. In this proof  we use t ha t  the  Eucl idean norm has the  following 
convexi ty  proper ty :  
(C) For each posi t ive integer k and real number  c] > 0, there  is a c2 > 0 so t ha t  
if w ] , . . . ,  w k are vectors  in a Eucl idean space, IIw~, - w, ,  [I 2 >_ #, for some , ,  •' and 
# > 0, w = ~1Wl + . . .  + ~ w k  is a convex linear combina t ion  of the given k vectors  
and ~_>Cl for i=1 , . .  ,k, then Ilwll2 < - c 2 ~ + E ~ l l ~ l l  2 
P r o o f  of  (C). I t  is sufficient to prove this assert ion for k = 2. Indeed the  k = 

~ and T/ ~' I 2 case implies tha t  if ~ f , + ~ ,  ~ , + ~ -  then  II~]wu + ~'w~,112 < 
_ = _ _  _ - c 2 #  + 

~llw, ll 2 + ~ ' l l w , ,  II 2. This  toge ther  wi th  the convexi ty  of the  funct ion IIx]l 2 implies 
our s t a tement .  

k = 2. We m a y  suppose  t ha t  Wl, w2 are in the  2-dimensional  space R2. 
I l w l -  w2112>_ # implies t ha t  e.g. if Xl, x2 are the first coordinates  of Wl,W2 then  
Ix] -x212  >_#/2, and so it is enough to prove our  s t a t e m e n t  in the  case when bo th  
wl  and w2 are real numbers .  This  can be done easily by considering the ex t r ema l  
values of a po lynomia l  (of degree two) on an interval.  

Now we re tu rn  to  the  proof  of L e m m a  30. If  v = Vl,V2,v 3 are the  neighbors 
of u then  qu,s+l = (1/2)qu,s + (l/6)(qv~,s + qv2,s + qv3,s). Suppose (30.1) does not 
hold. Then,  p rope r ty  (C) implies t ha t  there  exist cr > 0, ~-> 0 depending  only on 
a a n d / 9  so t h a t  t he r e  are at  least  Tn elements  u in G with  neighbors Vl~V2:V 3 so 
t ha t  ]lqu,s+lll 2 <_ - o M s  G + (1/2)Ilqu,sH 2 + (1/6)(llqv,sll2 + Hqv2,sH 2 + Ilqv3,sll2). This  

inequal i ty  holds for all o ther  u wi thout  the  t e r m  -~rMs  G. Adding  the  two types  of 
inequali t ies (one inequal i ty  for each u �9 G) and using the  convexi ty  of the  funct ion 
X 2 we get: E u e G  IIqu,s+1112 <- -'r(TnMs a § Euea((1/2)llqu,sll  2 + (1/6)(11qv,sll 2 + 

Ilq-~,~ II 2 + Ilq~,~ 112)) < -r~nM~ a + E~ea  Ilq-,~ I1< Since E u c G  IIq~,~ II 2 < nM~,  this 
implies ~uEG IIq~,~+l I] 2 _< (1 - ~ )  E ~ a  II q~,~ 112 in contradic t ion  to L e m m a  31. | 



404 M, AJTAI 

Lemma 32. I f  G is a 3-regular graph on n vertices, x �9 G and i is an integer with 
Ilpx,ilt s = ( l / n )  + Mi G then for all u �9 O we have 

Proof. IlPx,e+p ,illL1 =2  + 2 + 2 so [}Px,i P~,iIIL2 =]]Pz,ill2+llPu,il[ 2+ [lPx,i Pu,i]lL2 >_4/n. 
2p,,i'p,~,i. According to the definition of Mia@,,,i[Is<_ Ilp~,i[]2 = ( 1 / n ) + M i  o,  so we 

have 4 / n  < 2 / n  + 2MG + 2px,i "Pu,i that  is Px,i "Pu,i >- ( l / n ) - M / G .  | 

Corollary. 1s < ~L < 1 then l(u �9 Glpx, i "Pu,i >- ( l / n )  + #/1///G } I S (1 + # ) - i n .  

Proof. ~uEgPx,i 'Pu,i  =Px, i '~uEGPu, i  =Px, i ' l  = 1, so the Corollary is a consequence 
of Lemma 32. | 

Definition (32.1). If (x ,y)  is an edge in G then S d o ( x , y , G , s )  will denote the set 
of those e-cycles z = (z0 , . . . , zs-1)  where t(zo) = x, h(zo) = y and the seed of 9 
contains both x and y. 

Remark. Unlike in the definition of Sd(x, y, G, s) here we do not care whether x , y  
will be consecutive elements of the seed or not. Actually (see Lemma 15) the 
number of cycles where x , y  are contained in the seed but not in consecutive places 
is insignificant so in our further results, where we only approximate the number of 
cycles, there is no essential difference between the two possible notions. 

If  rO,r l , . . ,  is a random path, then let ~i be the directed edge (r i , r i+l) .  (If 
r i = r i +  1 then we pick one from the three possible loops arbitrarily.) Let 

P(@0,...,~,-1) �9 Sd(x,y,G,s)) = Sdp(z,y,G,s) 
and 

/ \ 
P [ ( r 0 , . . - , r s - 1 }  �9 Sd0(x, y, G, s) lr0 = x, r l  = y)  = Sdp0(x, y, G, s). 

The following Lemma shows that we can estimate Sdp0 instead of Sdp. The 
error term here and in most of our results is crMs G where a > 0 is a small constant. 

Lemma 33. There is an absolute constant ~ so that  V~r > 037 > 0V% I > O'3e < 0 
such that  i f  n is sul~cJently, large G is a 3-regular graph on n vertices, girth (G) > 
( 1 / l O ) l o g n , ) , ( O ) > l - e  and % log n _< s <_ %' log n then 

1(~/(2, + 1))Sdp(x, y, G, 2s + 1) - nSdp0(x , y, G, 2s + 1)l < ~ M  G. 

We need the following two lemmata for the proof of Lemma 33. 

Lemma 34. 36>0,  %>0 V%/>7 3r  i f  n is sul~ciently large and G is a 3-regular 
graph on n vertices, girth ( G ) >  (1 /10) lognA(G)> 1- c, %logn < s < 7 ' logn,  x , y  �9 
G, then 

P ( r 2 s + l  = t O  and 3 i , j  �9 [0,2s] r i = x, rj = y, and 

l i - J l  > (1/20)tog ,2s + 1 -  l i - J l )  > 0/20)log ) < 1 - ~ M G "  
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Proof. Because of the symmetry,  we decrease the probabil i ty of the event only by 
a factor of 1/(2s + 1) if we add the requirement r0 = x. The probabili ty of r0 = 
X is 1In and according to Lemma 19 P ( the  pa th  ro, . . . , r2s+l contains x, y and 
r2s+l = rolro  = x) is at most n - 5 ( 1 / n  + MsG). By Lemma 8 this is equivalent to 
the s ta tement  of Lemma 34. | 

Lemma 35. 35 > 0 Vcr > 0 and for all positive integer i0 3~ > 0V7 ~ > ~/ 3e > 0 such 
that i f  n is sut~ciently large and G is a 3-regular graph on n vertices, g i r t h ( G ) >  
(1/10) logn, A(G) > 1 - c ,  71ogn _< s _< ~ logn and x, y are neighboring points of G 
then the following conditions are satisfied: 
(35.2) M y  j _< (1 + ~ ) J M y  for all 0 -<J < 101ogn. 

(35.3) Iltx,y,~-5 II 2 _< (1 +~)JM~ a for ali 0_<j < (1/10)1og~. 
(35.4) Iltx,y,~-j - tx,y,~ II 2 < ( ~ / i o ) M ~  for 311 j = O, 1,. . .  ,io. 
(35.5) there exists an absolute constant c~ < 1 so that i f  i < (1/10) logn then P ( r  i = 
y ] r o = x ) < a  i. 
(35.6) Let pj = P(r2s+l = r 0  and r j+l , . . . , r2s  ~ {x ,y}  lr  0 = x ,  rj = y ) .  then pj < 
2Ms G and I p j - p l l  < a / ( 4 i 0 ( 1 - a ) )  for j =  l , . . . , io  where 0 < c ~ <  1 is the absolute 
constant from (35.5). 
(35.7) p~ < (1 + ~ ) iM2 for all 1 < i < (1/20)log~.  

Proof. (35.2) Let w E G with MsGj = Ilqw,~_jll 2. By Lemma 13, IIq~,~_jll 2 = 

(1 - l/n)yI~Z_Jo -1 )~j. Lemma 8 and A(G) > 1 - e  imply that  if 7 is sumciently large, 
we may suppose that  for some constant 8 > 0 we have: 1 _> As-j  > (l-]<r) -1 .  Using the 

IF[ s - 1  monotonieity of the sequence Ai we get Ms G j = IIq~,~_jll ~ IIqw,~ll 2 k=~-j ~1<_ 
MsG (1+  a) j . 

(35.3) For each fixed z e G tx,y ,s- j(z)  <_ Px,s- j (z )  so our s tatement  is an 
immediate  consequence (35.2). 

(35.4) This is an immediate consequence of Lemma 28 and Lemma 23. 
(35.5) follows from Lemma  14. 

(35.6) Let k = [ ( 2 s + l - j ) / 2 ] , t = s - j - k ,  p j=tx ,y ,k . ty , z , l+O(n-SMsG).  (The 
error corresponds to the event r2s+l_ k C {x, y}). (35.3) (35.4) and (35.5) imply our 
statement.  

(35.7) This is a consequence of pj =tx,y,k . t y , x , l+O(n-SMs G) and (35.3). | 

P roof  of Lemma 33. Sdp(x,y,  G,2s + 1) is the probabil i ty of the following event: 
r0 = r 2 s + l  and the seed of the e-cycle fi contains x and y. According to Lemma 34 
we may suppose that  all occurrences of the points x ,y  on the path  ri fall into an 
interval shorter than  (1/20)logn.  (This assumption changes the probabilities of the 
described event by at most n- l -hMsG ). Since the graph in a small neighborhood 
of the points x,y  looks like a tree, it means that  x, y can be in the seed only in two 
different ways. Either the pa th  approaches the points x, y from the direction of x 
and leaves in the other direction or vice versa. Let us consider the first possibility. 
Suppose tha t  e.g r k is the first point where the pa th  reaches x and rk+ i where it 
finally leaves y, where 1 _< i __ (1/20)log n and we take k+i  mod 2s + 1. Tha t  is r k = 
x, rk+ i =y  and for all j = k + i + l , . . .  , k+2s  we have rj ~ {x,y}.  Let Bk,i this event. 
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Obviously for different pairs k, i these events are disjoint, and their probabili ty does 

not depend on k. So Sdp(x, y, G, 2s + 1) = 2(2s + 1) V'(1/2~ P(B0,d + 
(The factor 2 is needed because the pa th  may come also from the direction of y. It 
is easy to see that  the probabili ty of Bk, i does not change if we reverse the role of 
z and y, so the contributions of the two possibilities are the same.) 

Let u i - =  P(r  i = y I t  0 = x) according to (35.5) ui < (a) i for some 0 < oz < 1. 
Clearly P(Bo,i) = P(ro = x)uiP(r2s+l = ro and r i+l , . . . ,  r2s ~ {x, y} I ro = x  and ri = 
y) = (1/n)uiPi, where Pi is defined in (35.6). (35.7) implies that  n ~ i > i  o P(Bo, i )= 

~-~i>io uiPi < (~/2)Ms G if i0 is sufficiently large compared to ~. 

n E i ~  1Bo,i = E i ~  uiPi = Ei~ ui(pl + Ri) where according to (35.6) [Ril < 
( a / ( 4 i o ( 1 - @ ) ) M  G. 

So we have  Sdp(x, y, C, 2s+1) = 2(2s+l)(p (Ei l where IRI <  /4M2. 
Obviously the number ui does not depend on n, G or the choice of the neighboring 
points x,y. Let ~ - = ~ i = l u i .  We have n S d p ( x , y , G , 2 s + l ) = 2 ( 2 s + l ) ( T p l + R )  
where IRI < /4M2. 

Now we compute SdPo(X ,y,G,  2s + 1). It  was the probabili ty of the following 
event: r0 = r2s+l = x, r l  = y and the seed of the e-cycle f0 , . . .  ,~2s contains both  
x and y. Lemma 34 and Lemma 8 imply that  if we add the assumption that  r k 
{x,y}  if (1/20)logn < k < 2 s -  (1/20)logn then the probabili ty is changed by at 
most n-~Ms  a. Again we will consider the case when the path  approaches from the 
direction of x and leaves from y. Let m =  [1/201ognJ. The probabili ty of our event 

m m p ' '  r 0 =x~r  1 = y )  We may estimate this sum in will be ~ i = l ~ j = 0  (B2s+l-3,~ and , 

a similar way as in the previous case and we get Sdp0(x, y, G, 2 s + l ) =  n -1 (7-~pl+R) 
where [R] < c~/4Ms G and w ~ is another absolute constant, which implies the assertion 
of Lemma 33. | 

Lemma 36. 3 5 > 0 , 7 > 0  V71 >ff  ~ e > 0  such that i f  n is sut~ciently large and G 
is a 3-regular graph on n vertices, girth (G) > (1/10) lognA(G) > 1 - e, 71ogn < s < 
7~logn, x E G ,  then 

P(ro = r2s+l = x and the seed of (to, r l , . . . ,  r2s+l} is empty) <_ n - l - h M s  o. 

Proof. It  is easy to see that  if the seed is empty  then there are integers 0__< j < k < 
2 s + l  so that  h - j  > s/3, s - k + j  > s/3 and s k = sj. So Lemma 19 and Lemma 1 
imply our assertion. | 

Lemma 37. I f  n is sut~ciently large and G is a 3-regular graph on n vertices with 
gir th(G) > (1/10)logn,  a,b,u,v are four distinct vertices of G so that dG(a,u ) > 
1/101ogn and from the six pairs formed from the four points exactly two, (a,b) 
and (u~v) are edges of G, and if G I is ttle graph that we get from G by deleting 
the edges (a,b), (u,v) and adding the edges (a,v), (b,u), then for all x, y E G  and i, 
there are w, z ~ G so that 

G t G' P ~i = y and r j  r {a ,b ,u ,v}  for all (1 /20) Iogn  < j < i -  (1 /20) logn  

o, x) (37.1) = _ 
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Proof. If the distance of both x and y is greater than (i/20)logn from the set 
A = {a,b,%v} in the graph G then our statement trivially holds, since the path 
described in (37.1) will be a path in G too, that is the upper bound will be actually 
G px (y). 

Consider first the case when dG(x,A) > (1/20) logn but dG(y,A ) < (1/20)logn.  
Assume that  the closest element of A to y is e . g . a ,  a is a neighbor of v in the 
graph G I. Let NAG,' v be the set of those points in G / whose distance from {a,v} is 

less than (1/20)logn.  Clearly y E Naa,'v �9 Let J0 be the largest integer not exceeding 
G / i so that  r ~ ' E  N~, v for all j >-J0, J _  < i. We define two events: Ea = "d(rG'~ ~o ,a~j < 

a' < a ) "  and E v -  , / 
G / Assume that  A is the event described in (37.1). P ( A I r  o = x) ~ P ( A A E a  I 

GI G~ r 0 = x ) + P ( A A E v l r o  =x) .  

The definition of G',  the assumption r ~ '  ~ d for all j < i -  (1 /20) logn and the 

fact that  y is closer to a than v in G'  imply tha t  P ( A A E a  Irg' = x ) < p G ( y ) .  (The 

pa th  r G' can be considered as a pa th  in G if we substitute all elements from Na,v 
which are closer to v than  a by the "corresponding" elements from the neighborhood 
of b). 

Let z be an element of G with dG(z,v ) = dG,(Y,V ) and dG(z,u ) = dG,(y,a). 
Tha t  is the element z has a similar position with respect to the edge u,v in the 
graph G as the position of the element y in the graph G ~ with respect to the edge 
a,v. I t  is easy to see that  each pa th  r a' with conditions A A E v  and r o = x  can be 
transformed into a pa th  in G ending at z by changing all of those elements in Na,v 
which are closer to a than v to the corresponding elements in the neighborhood of 
u. This shows that  P ( A A E v  lrGO ' =x)<_pG(z) .  

If we drop the restriction da(x  , A)<  (1/20)logn,  we may define the element w 
in a similar way to the definition of z and we get (37.1). | 

Lenuna 38. 37 > 0 V71 > 0, 3e > 0 such that if  n is sufficiently large and G is a 3- 
regular graph on n vertices with girth (G) > (1/10) logn, A(G) > 1 - e, 71ogn < s < 
~/logn,  a,b,u,v are four distinct vertices of G so that dG(a,u ) > 1/10logn and from 
the six pairs formed from the four points exactly two, (a, b) and (u,v) are edges of 
G, and i f  G ! is the graph that  we get from G by deleting the edges (a,b), (u,v) and 
adding the edges (a,v), (b,u) then MsO' <_ 17Ms ~. 

G I G I Proofi Let x E G. We need an upper bound on px,2s(x). If r i , i=O, . . . , 2 s  is a 
G ~ G ~ random path,  r 0 = r2s = x, we define an integer k, a sequence of integers 0 = do < 

dl < . . .  < dk = 2s in the following way: 
do = 0. Assume that  do < . . .  < dj_ 1 < 2 s -  (1/20) log n has been already defined. 

Let dj be the smallest integer with the following properties: 
(1) dj_  + (1/20)log  < dj < 2 s -  (1/20)log , 
(2) r 

If there is no such an integer then let k = j  and dk = 2s. Our definition implies 
that  k < 20~/and  (1), (2) hold for all j = 1, . . . ,  k -  1. 
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Let U be the set of all pairs h = (ho ,h l , . . . , h j ) ,  w = <wo,wl , . . . ,wj}  where 
j is an arbi trary integer, ho, . . . ,h j  are integers, ho = 0, hj = 2s, wo = wj = x, 
Wl, . . .  ,w j -1  E {a,b,n,v}.  

G ~ If (h,w} EU let Ah, w be the event "rGo ' =x ,  r2s =x ,  j = k ,  do=ho , . . . , d j  =h j ,  
G' ,j,,. G' G' G' for i = 0 , 1 ,  P( 2, 

G' We give an upper bound on P(Ah, w 1% =x) for every fixed {h ,w}  E U. Let 
h l - h l _  1 =i  1 for l = l , . . .  , j .  Clearly 

J ( ) n (  P Ah,w I ro = x < P riz = w I and for all 
l= l  

G' G' ) (38.1) ( 1 / 2 0 ) l o g n < ~ < i l - ( 1 / 2 0 ) l o g n r  . ~ { a , b , u , v } l r  0 = w l _  1 . 

4 G According to Lemma 37 the /-th te rm of this product is at most ~ = l P f , , i z  (gn), 

where fo,9v are suitably chosen elements of G. 
G r 

Case 1. j = 1. We have only the trivial choice for h,w, thus P(Ah, w [ r 0 = x) <_ 

4 4p~, ,2s(s  ) for v-4 p a  (97). According to Lemma 18 this sum is at most ~ v = l  z-'~7= 1 f,,2, 
suitably chosen fv, r] = 1,2,3,4, that  is, it is at most 16M G which completes the 
proof of Case 1. 

Case 2. j > 1. We subsitute each factor in (38.1) by the corresponding upper  
bound given above that  is by a sum consisting of 4 terms. If we perfbrm the 
multiplication using distributivity, we get at most 42~ terms, each consisting of 
a single product with j factors. According to Lemma 20 each factor is at most 
n - 5 ( 1 / n + M s  G) <_ n -5 /2Ms  G, that  is their sum is a t  most n-5 /aMs a. There are only 

at most (~/2~g,n)4 j - 1  pairs ( h , w } E U  so that  P(Ah,w[rGo')#O, therefore the terms 

covered in Case 2 contribute altogether not more than Ms o.  | 

Lemma 39. Suppose that G is a 3-regular graph on n vertices and s is a positive 
integer. Let A be a subset of the set of paths of length s in G, x E G  and for all zE  

G, 9 ( z ) = e ( r s = z  and < r o , r l , . . . , r s } E A [ r o = x ) .  Assume that A j , j = l , 2 , . . . , k  

( are sets of paths of length s with A C_ U j = I A j  and / * j  = P r2s ---- ro and both 

<ro, . . . , rs}EAj and @2s,r2s_l, . . . .  ,rs)EAj]ro=x) Then II~(zDIl_<Y~j=lv/-~ . k  

Proof. If 9j(z) = P ( r s  = z and <r0 , r l , . . . , r s )  E Aj lro = x)  then 0 _< g(z) <_ 

k z k 
% / 

~ j = l g i (  ) and thus IIg(z)[ I < ~j=il lgY(Z)ll '  The definition of #d implies that  

Ila(z)ll = | 

Lemma 40. V/3 > 0, 35 > 0, 7 > 0 V71 > 0, 3e > 0 such that if n is sul~ciently large 
and G is a 3-regular graph on n vertices with g i r t h ( G ) >  (1/10) logn, a(a)> 1 - e ,  
~logn_< s _<-/logn and x, y, u, v are four distinct vertices of G so that do(x ,  u )>  
1/101ogn and from the six pairs formed from the four points exactly two, (x,y) 
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and (u,v)  are edges of G, and if  G l is the graph that we get from G by deleting the 
edges (x ,y) ,  (u ,v)  and  adding  the edges (x ,v) ,  (y ,u)  then the following assertions 
hold: 
(40.1) If  z E G  and the distance of z in G from all of the points x, y, u, v is greater 
than •logn then liP's -Pz,sll-G' ,,2 _<n-hMsG 

(40.2) [Itx,y,s-t~,v,~ll 2 <_n-~M~ 
that z ,w are neighboring points in G and any path shorter than /3logn which 

tG G ~ connects z to one of the points x ,y ,u ,v  contains w too. Then U z,w,s-tz,w,sU2 -< 
n-h M G. 

(40.3) II(;~Y>'X)(C) _ (;~xy},x)(c,)112 _< ~ ~M~. 

Proof .  (40.1) Let  a E G be fixed. [pGz,s(a ) G' ., _<. 

is not  a p a t h  in  G'lr 0 = z) +P(r!G')  = a  and r~G') , . .  ,. r! G') is not  a p a t h  in 

G]ro = z).  Let r  be  the  first r  be  the  second probabil i ty.  I t  is sufficient to 

show t h a t  t[r 2 _< (1 /4 )n  5Ms a and II~'H 2 < (1/4)n-hMs G. We prove first [[r 2 _< 
(1/4)n-hMs G. 

3j rJ G) C {x,y,u,v}lr(o G)-- z) ----g(a). We app ly  L e m m a  39 wi th  A w -  "3j rj : w "  

where wE {x,y,u,v}.  By L e m m a  19 we have, #w -<n-5'Ms G, which implies 11r 
(1/4)n-hMs Q 

We can prove in a similar  way I1r 2 _< (1/lO0)n-hMs G' and so by L e m m a  38 

I1r 2 _< (1/4)n-gMs G. 
(40.2) can be proved in a similar  way. Here we do not  need the  a s sumpt ion  

abou t  the  dis tance f rom x,y ,u ,v  since if the  p a t h  r is counted in tx,y,s then  by  
definit ion rj ~ {x,y ,u,v} for j = 1 , . . . ,  (1 /20) logn .  

(40.3) is a consequence of L e m m a  27, (40.2) and L e m m a  38. I t  is 

easy to see t ha t  the ident i ty  given in L e m m a  27 implies t ha t  p{Xff}'Z(z) = 
E(1/20)  logn z - - - -- 

j=0  Px,j[X)tx,y,s-J(Z) + K, where  IIRII 2 _< n-~Mff. The  numbers  pxd(X) 
do not  depend  on the  graph.  (40.2) implies t ha t  tx,y,s_ j is app rox ima te ly  the  same 
in the  two graphs  and according to L e m m a  38 the  error t e r m  is smaller  then  b o t h  
n-5/2Ms G and n-5 /2M G'. II 

L e m m a  41. 35 > 0, 7 > 0 V71 > % 3c > 0 such that i f n  is sufficiently large and G is a 
3-regular graph on n vertices, A(G) > 1 -  c, gir th  (G) > ~0 log n, 7 log n _< s _< 7 '  log n 

and x, y are arbitrary neighboring points in G, then P(r2s+l = r 0  and the seed of 
] 

(ro,..., r2s} contains both x and Y IrO = x and  r l  = y)  

: Px,s " z'y,s q- ~'x,s "Py,s + R, where ]R I < n - h M s  G. 
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Proof  of Lemma 41. First we estimate the probabili ty of the event described in the 
Lemma with the following additional requirement: there exists an i, with 1 logn _< 

i _< s - l l o g n  so that  ri =x. We will call this event A t. According to Lemma 15 

the conditional probabili ty of this event is smaller than n -5'' with the condition 
r2s+l = x .  Since the probabili ty that  the condition is fulfilled is at most Px,s "Py,s < 
-~1 -4-M Gs we have that  P(A t) <_ n -5'' (1 +MsG ). A(G)>  1 - e  and Lemma 8 imply 

that  Ms a >_ n 1-5' where ~t > 0 depends only on e. Therefore P(A t) is smaller than 
the error te rm in the s tatement  of the lemma. 

Assume now that  A t does not hold. Then the seed may contain x, y only in 
two essentially different ways, described below. Roughly speaking, one possibility 
is that  the pa th  leaves the set {x,y} in the direction of y and returns from the 
direction of x, the other possibility is the same with the roles of x ,y  reversed. We 
will denote the event described in the two possibilities by Ay and Ax respectively. 

More precisely, assume that  A t does not hold and let j be the greatest positive 
integer with j _< ~0 logn and rj E {x,y}. Suppose that  rj =y. This means that  the 
path  has left {x,y} in the direction of y. x, y will be in the seed if and only if it 
returns from the other direction, that  is if j t  is the smallest positive integer with 
f > s -  ~0 logn and rj, ~{x,y} then rj, =x. 

Let Ay be the event described here, that  is A v is disjoint from A t and any 
pa th  satisfying Ay leaves the set {x,y} in the direction of y and returns from the 
direction of x. We need an approximation for P(Ay). 

t t A / ' First we define an other event Ay so that  A v c_ Ay C_ Ay U Since P(X)  
is smaller than the error term in the s tatement  of the Lemma,  P(A~) will be a 
sufficiently good approximation to P(Av). (If we do not say otherwise we will 

t consider all probabilities with the conditions r0 = x,rl = y.) In Ay we do not 
require that  the pa th  may contain x or y only at the very beginning or at the very 
end. We will require only that  in the first half of the path, the last point from the 
set {x,y} is y and in the second half of the pa th  the first point (coming from the 
middle of the path) from the set {x,y} is x. 

t holds if the following conditions are satisfied: Ay 
(1) if j _< s is the largest integer with rj E {x,y} then rj =y, 
(2) ifj>_s+2,j<_2s+l is the smallest integer with rj E{x,y} then rj=x.  

Clearly A v C A~ C_ Ay O X .  
! 

We compute the probabili ty of Ay in the following way. First we randomize a 
pa th  to, r1...,%+1 with property (1). Let/~y be the distribution of the endpoint of 
this path. (That  is fy(z) is the probabili ty of the event tha t  the pa th  satisfies (1) 
and rs+l = z). Lemma 25 gives an approximation for this distribution. Similarly 
we randomize the pa th  r2s+l = x, r2s,...,rs+l with property (2). Let/~x be the 
distribution of the endpoint (%+1) of this path. Clearly P(Af) =Pv'Px" 

t by reversing the role of x If Ax, AIz are the events that  we get from Au,A v 
and y (but keeping the condition ro=x,r! =y) ,  then we have Ax C_A~ C_AxUX. If 
we define the distributions ~x and ~y in a similar way as Px and/hy then we have 
P(A~) =~x "Py. Adding the two equations we have: 

P(Ax UAy) =py "fx +Px "Py + R, where IRI < n-hMy.  
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(~,y~,y =p~ ,~ ,~ ,  = p ~ , ~ , ~  (1) and (2) imply that  py =py , Pz =P{z x'y}'z, ~y ~y 
which completes the proof of Lemma 41. | 

Lemma 42. Vcr > 0 3i0, 7 > 0 V7 ~ > 7 3e > 0 such that i f n  is sumciently large and 
G is a 3-regular graph on n vertices, A(G) > 1 - e, girth (G) > 1 logn, 71ogn < s < 
7~logn and x,y are arbitrary neighboring points in G, then 

io 
2 p~xX;~'x(~) = ~ + ~(bjqx,~_j + ~jq~,s_j) + R 

j=0 

where IIRII 2 ~o-M~, and 

1 io 

j=o 

~here IIR1112 ~ M ~  and the sequences bj,ey are de~ned in Lemma 25. 

Proof. Since p;X~y}'X(z)+p;Xjy}'Y(z)= (1/n)+qx,s(z) i t  is sufficient to prove the 
{x,y},x 

first equality. In Lemma 25 we have already given an approximation Ior Px,s �9 
~jeC=o(b j §  j )=  2/3 implies tha t  the difference of the expression given there and in 

i b the present Lemma is ~ j = i 0 (  jqx,s-j +cjqy,s-j), where i is defined in Lemma 25. 
We have to show that  if i0 is a sufficiently large constant then the square of the 
norm of this sum is smaller than crMs G. 

i b i II Ej=i0 ( Jq~,~-J + ~jqy,~-j)ll <- Ej=g0 (Ibjlllq~,s-j II + Icjlllqy,~-j)H. Lemma 25 
implies that  Ibjl,lcjl <_ ~J, where 0 < a < 1 is an absolute constant. Lemma 22 

implies that  e.g. Ilq~,~-jll-< (l+p)J/2x/~ a. If ~ is sufficiently large then we 

may suppose that  (1 + p)4 < 1/a so if io is sufficiently large with respect to a,  
i b oQ then I [~ j= io (  jqx,s-j + Cjqy,s-j )l[ <<_ }-~j=io2aJ /2 ~/M~sG ~ V / ~ G ,  which proves 

our Lemma.  | 

Lemma 43. 36 > 0 Va > 0 Jio, 7 > 0 V~//> 7 Be > 0 such that; if n is sumcientlY large 
and G is a 3-regular graph on n vertices, A(G)> 1 - e ,  g i r t h ( G ) >  l l o g n ,  71ogn_< 
s _< 7 / logn and x, y are arbitrary neighboring points in G, then 

2 4 2 

~here IIRII 2 ~ o - ~ ,  and 

where IfR'rl 2 <_~M2. 

1 1 2 
P~x;Y~'Y(z) - 3~ 5 qx's + 5 qy's + R' 
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Moreover the error terms can be writ ten in the form R = R I + R 2 ,  I , , R = R I + R  2 where 
~ z E G  R I ( z )  = 0 ,  IIRlll 2 <~M~ a and IIR21I 2 <n-e M~ a and the same conditions hold 

! ! 
for R 1 , R  2. 

Proof.  Let b =  ~ b ~ j = 0  J and 5 = ~ j  0cJ" L e m m a  42 gives an approximat ion  for 

p{X,y},x and ~{x,y},y x,8 Px,8 . If  we subst i tu te  qx,s- j  in these expressions everywhere by 

qx,s then Corol lary 24 and Ibj[, ]cj[ <_aJ imply tha t  

(43.1) 

(43.2) 

2 
p{xX'~y}'X(z) = ~n + bqx,s + 5qy,s + R where Ilnll 2 ~ ~M~, and 

1 
;{x'sY}'Y(z) ---- ~n + (1 - b)qx,s - Cqy,s + R'  where [IR'H 2 _( o-M G. 

We have to determine the values of the absolute constants  b, 5. 
p{X,y},v ~ , {y,x},y 

~s = ~ j - 1  P(ry = y r 0 = x)py,~_j . L e m m a  14 implies tha t  there is an 

absolute constant  a '  wi th P ( r j  = y i ro = x) < (a')J if j < i = g i r th (G) /2 .  Using 
_{x,y},v 

the same argument  as in the proof  of L e m m a  25 we may  prove tha t  px,s -- 

E } = I  P(r j  -- y lro = x~p{Y'X}. 'y + R,  where ]IRI] 2 _< n - h M s  a .  The given P r o p e r t y  of 
J y , s - -  3 

J ,  (35.2) of L e m m a  35, L e m m a  22, and L e m m a  23 imply tha t  

~,~ =(Ej=lP(r j=yIro= H y, + R ,  where ]]R[[2<~rMs a .  Let & =  
~{y,x},y E}=I  P(rj =Y I r0 =x) .  If we apply (43.1) and (43.2) for .y,8 , then the previous 

equali ty implies tha t  c) = (1/2) + o(1), and using tha t  b + 5 = 2/3 we get b = 4/3,  5 = 
- (2 /3) .  

Finally we define R1, R2 with the required properties.  Let  Yl = Y, Y2,Y3 be the 
three neighbors of x. If  ro - x~r l , .~  ~r~ is a r andom pa th  we define an element 
w of G in the following way: Let I = [(1/201ogn)]. I f  rl # x then w is the closest 
element of the set {Yl ,Y2,Y3} to  the point  r I. If  rl = x then w = rj where j is 
the smallest positive integer with rj E {Yl ,Y2,Y3},  if there is no such a j then w = 
x. This definition implies tha t  P ( w  = x I ro = x) = 2 - s ,  and P ( w  = yj [ ro = x) = 

� 89  -8) for j=1 ,2 ,3 .  
2 --s For each z E G let g(z) = P(rs  = z A (w = Y2 V w = Y3) ] r0 = x) + ~-~2 . Clearly 

R {x'Y}'~ ~-~z~Gg(z)=2/3.  Let 2=Px,s - g ,  R I = R - R 2 .  

Since ~- ' . . z cG(2+4qx , s ( z )  -2-~qy,s(z)) = 32- we have tha t  ~ - ~ z ~ G R l ( z ) =  O. 

Therefore, it is enough to show tha t  [[R2][ 2 _< n - h M s  G. The definition of g and 
p{X,y},x x,s imply tha t  for every fixed z �9 G, ]R2(z)l < P ( r s - - z , r  leaves the set {x,y} 
in the direction of x and w y ] ro - x) + P(r~ - z, r leaves the  set {x, y} in the 
direction of y and w r y fro = x ) +  2 - s - 1 .  We write this inequali ty in the form of 
]R2] ~ r + r  + r  We est imate I1r I]r using L e m m a  39, with k = 1. If  we 
write the first t e rm of the sum in the form P(rs  = z and A]ro  = x), then A implies 
tha t  there  exists a j ,  j > (1 /20 ) logn  so tha t  r j  = x .  Therefore L e m m a  15 implies 
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tha t  ~1 < - n - 5 ( ( l / n ) §  M s  G) <-n -5 /2Ms  G and so I1r (n-5/2M~) ~. We may get 

a similar uppper  bound on 1lr and trivially ][r < n - 2 .  I 

Lemma 44. V~ > 0 ~"7 > 0 V"71 > 7 3e > 0 such that  i f  n is sutt lciently large and G 
is a 3-regular graph on n vertices, A(G) > 1 - e ,  gir th(G) > ~0 logn, ,71ogn < s < 
"711ogn, and x,  y are arbi trary neighboring points  in the graph G, then 

P ( r 2 s + l  = ro and the seed o f ( r o , . . . , r 2 s }  

x and y ] ro -- x and r I -- y )  -- contains both 

10 25 10 
9 qz,s �9 qx,s + ~ q x , s  �9 qy,s - -~qy,s  �9 qy,s + R,  

5 

9n 

where  IRI 

Proof. The Lemma  is a consequence of Lemma 41 and Lemma 43. Indeed if we 
compute the inner products given in 41, we get the expression above. To est imate 
the error terms we have to use the error terms R I + R 2 ,  and RI1+R2, in Lemma 43. 

2 1 The inner product  RI"  ~ is 0, since ~ z ~ G  Rl(z)  = 0. Similarly R~. ~ = 0. All of 
the other inner products containing at least one error terms can be estimated by 
the product  of the L2 norms of the factors. Using that  Ms G >_ n - 1 - 5 '  we get the 
required inequalities. I 

Lemma 45. V~r > 0 3"7 > 0 V3 / > 7 3c > 0 i f  n is suftlciently large and G is a 3- 
regular graph on n vertices, A(G) > 1 - r girth (G) > 1 logn, ,71ogn < s < ,7' logn, 
1 G 2 neighbor o f  x ,  then =rrpx,sll , y is a 

P ( r 2 s + l  = ro and the seed o f  (ro, . .. ,r2s} 

x and y [ ro = x and r] = y ) - -  contains both 

where [RI < 

Proof. The lemma is an immediate  consequence of Lemma 44 and Lemma 29. | 

P roof  of Theorem 1. Assume that  5 > 0,~ > 0 are sufficiently small, ,7 > 0 is 
sufficiently large with respect to 5,a, "Tr> 7; ~ > 0 is sufficiently small with respect 
to 5, cr,,7', and n is sufficiently large with respect to e,,7',5,a: Suppose that  G is 
a 3-regular graph on n vertices with gi r th(G) > 1/101ogn and A(G) > 1 -  ~ and 
,Tlogn < s < "7~logn. Lemma 8 implies that  M G > n -1 -5 .  Let x E G with Ms G = 
[Iqx,sll 2 and let y be an arbi t rary neighbor of x. Now we pick u and v. Let ~r>0 so 
that  ~ is sufficiently small with respect to ~r. 

We intend to choose the edge (u, V) with the following properties: 
(T1) the distance of u from x is at least (1/10)logn,  
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py,~ .p~,, _< (1/,~) + ~ ' f ] ,  py,, .p.,, _< (1/,~) + o-'M]. 
First we show that  it is possible to pick the vertices u,v with the listed 

properties. 
Obviously almost all edges (u, v) of G satisfy (T1). Lemma 30 implies that  

(T2) also holds for almost all edges (u, v). By the Corollary of Lemma 32 the first 
part of (T3) (containing terms depending on x) holds for a positive proportion of 
the vertices v. 

The above remarks imply that  it is possible to pick an edge (u,v) of G which 
satisfy (T1), (T2) and the first part of (T3). According to Lemma 29 we have 
IIpx,s-py,s 112 _< ~'M~. This inequality and (T2) imply that  the second part of (T3) 
holds too. 

Let ~ = tCyc(G,2s + 1)1-  ICyc(G',2s + 1)l. Since Theorem 1 is a lower 
bound on ~/ICyc(a,2s+ 1)1 we need a lower bound on E and an upper bound 
on I C y c ( G , 2 s + l ) l .  

We will show that  

(RI) n_16_2s_l~ , > ~(2s + i) Ms G 
- 3 n  ' 

where the absolute constant ~ is defined in Lemma 33. 
Let S w be the probability of the following event: 3i <_ 2s r i =w and the seed 

of the cycle (r0,... ,r2s+l) is empty. We may show using the same argument as in 
the proof of Lemma 34 that  Lemma 36 implies S ~ <_ n -SM G. 

Using Lemma 33 and Lemma 8 we get: n-16-2s-1[Cyc(G,2s + 1)l 5 
~(~ , z )~z (c ) (Sdp(w,z ,G,2s  + 1) + S ~ + S z) <_ ~ (~ , z ) ec~+A(nSdpo(w , z ,G)  + 

~M G) < 3n~ ~sh~! ( ( l /n)  + 2M G) < 3(2s + 1)nSM G . 
This inequality and (R1) imply 

(~(2s  + 1 ) M : )  / ( 3 ( 2 s  + 1 ) n ' M ~ ) >  1/n 2. ~ I C y c ( V , 2 s + l ) l /  _> \ ~ 

Now we prove (R1). Assume that  the edge (u,v) satisfies properties (T1), 
(T2) and (T3). We want to compute the change in the number of e-cycles of 
length 2s + 1. According to Theorem 3 it is enough to consider those e-cycles 
which contain at least one of the critical edges, that  is ~ = [Sdp(x,y,G,2s+ 1)U 
Sdp(u,v,G,2s+ l ) l -  ISdp(x,v, Gt,2s+ l)USdp(y,u,G',2s+ l)l. W'e will show that  
the sets Sdp(x, y, G, 2s+l )  and Sdp(u, v, G, 2s+l )  ace almost disjoint so the number 
of elements in their union is close to the sum of their eardinality, (and the same 
holds for the sets defined in G'). 

L e m m a  34 implies that  P({x, y, u, v} c_ {r0, . . . ,  rzs+l } I r2~+~ = r0) < n -~-1.  
Therefore 

n-16-s- l lSd(x ,y ,G,  2s+ 1) Y?Sd(u,v,G, 2s+ 1)1 < 

~-~6-~-~-~-11 !,_J Sd(,,,z,a,2s+z)l_< 
(~,z)cE(a) 
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n-5-1 E Sdp(w, z, G, 2s + 1) _ 
(~,z)cE(a) 

2s+ (.Sdp0(w,z,C,2s+l)+ M2)< 
n (w,z)eE(C) 

n ~ 16n( max 2s+~l(,~SdPo(W,z,G, 2s+l )+aM~)< 
"(~,z)cE(a) n 

n-5-16(2s + l)t~ ( l + MG + (a/~)M G) < n(-5/2)-lMs G. 

If A(G l) > I -  e then the same argument holds in G I and we get 
n-16-~-llSd(z,v,G',2s+l)NSd(y,u,G',2s+l)] <_n(-~5/2)-lMs G' <_ 17n(-5/2) 1MsO" 
(The last inequality is a consequence of Lemma 38.) 

These two inequalities imply that  n - 1 6 - 2 s - l ~  = n-16 -2s-1 ([Sd(z, y, G, 2s + 
1)[ + ISd(u,v,G,2s + 1)l - ISd(z ,v ,G ' ,2s  + 1)[ - [Sd(y,u,G',2s + 1)l) + R, where 
IR[ < 8n(-'5/3)-1Ms o. Therefore to prove (R1) it is sufficient to show 
tha t  n-16-2~-l(lSd(x,y,G,2s + 1)1 + ISd(u,v,O,2s + 1)] - ]Sd(x,v,G',2s + 1)[ - 

ISd(y,u,G',2s+l)[) > ~2(,+,) a~c that  is (according to Lemma 3a and Lemma 38) 
- -  2 n  x v ~ s  

it is enough to prove that: 

Sdp0(z , y, G, 2s + 1) + Sdp0(u , v, G, 2s + 1) -  

(R2) Sdp0(z , v, G', 2s + 1) - Sdp0(g , u, G', 2s + 1) >_ 

(1/2)M2.  

We will estimate each term separately. Namely we intend to prove the following 
inequalities. 

(R3) ISdp0(x, y, G, 2s + 1)l _> (5/9)((1/n) + (1 - cr)MsG). 

(R4) ISdp0(n, v, G, 2s + 1)1 >_ (5/9)((1/n) - crMsa). 
(R5) ] S d p 0 ( z , v , a ' , 2 s  + 1)1 <_ (5/9)((Un)+c~M~). 
(R6) I S d p 0 ( y , u , a ' , 2 s  + 1)1 _< (5/9)((Un)+~M~). 

Obviously (R3), (R4), (RS) and (R6) together imply (R2). 
Proof of (R3). Since x was chosen with the property Ms o = ][px,sll 2, (R3) is 

exactly the statement of Lemma 45. 
Proof of (R4). According to Lemma 44 

10 (R7) ISdpo(u,v,G,2s + l)[= 95 !~-qu,s.qu,s +-~-qu,s.qv,s---gqv,s.qv,s + R, where 

IRI < (~ /2 )M,  a .  
(T2) implies that  Illqu,s[l 2 -  IIqv,sll21 <_ (a/8DMs o and Illqu,sll 2 -qu,s "qv,sl <_ 

( a /8 )M G. So approximating all of the inner products by IIq~,sll 2 in (R7), we get 
(R4). 

Proof of (R5) and (R6). Because of the symmetry it is enough to prove e.g. 

(R5). Lemma 41 implies that  ISdPo(X,v,G',2s+ l)[=(P{J, ff}'x) (G') �9 ,Pv,s(-{x'v}'v'(a')'J -1- 
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{x,v},v,(G') ~ {x , v} , x , (G , )_n  < n  5Ms G. follows f rom (40.3) t ha t  we Px,s ) "~Pv,s ) •  where IRI I t  

m a y  replace e.g. the  expression (p{Xff},x)(G,) by (p;X, sY}'X)(G) and we get 

[Sdpo(x ,v ,G'  , 2 s +  1)1 = (P{x, dy}'x)(G) �9 ~Pv,s ~ {u,v},v,(G)) -t--~Px,s(x'y}'Y'(~) (p{vU~V}'u) (G) + R, 

where I•l < 5~-~M~ a 
ByLemma43]Sdpo(x,v,G',2s+1)[=(3~+4qx,s-~qy,s)'(~+2 2 4qv,s_~q~,~)+2 

(~n 1 2 1 1 2 ~qx,~ + ~qy,~) " ( ~  - "~qv,~ + gq~,a) + R  where IIRII2 <_o-'?~is G. 
By (T2) if we m a y  replace q~,s by qv,s and by L e m m a  29 qy,s by qx,s without  

essentially increasing the  error, and we get I S d p o ( x , v , G ' , 2 s +  1)1 =(~+ ~qx,s) �9 
2 1 lqx,s)  l - s ,  (T3) implies so + R  where IIRII  C 

(R5) which completes  the proof  of the  theorem.  | 
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