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We present an algorithm which in n3(logn)® time constructs a 3-regular expander graph on
n vertices. In each step we substitute a pair of edges of the graph by a new pair of edges so that
the total number of cycles of length s = [clogn| decreases (for some fixed absolute constant ¢).
When we reach a local minimum in the number of cycles of length s the graph is an expander.

1. Introduction

A bipartite graph G = (I,0) is a k-regular (n,«) expander if [I| = |0O] =n
and for all X C I,|X| € n/2 we have I'(X) > (1 + o)|X|, where I'(X) C O is
the set of neighbors of X. We will always suppose that a > 0 and both « and
k are fixed constants while n — co. Expander graphs are used in many areas
of theoretical computer science: parallel sorting and selecting algorithms [2], [4,
5], [11], construction of superconcentrators [10], constructing graphs with special
properties related to computational complexity [1], [12], deterministic simulation of
probabilistic algorithms [3] etc. It seems that using explicitly constructed expander
graphs is one of the main techniques of substituting random constructions with
explicit ones.

Expander graphs can be constructed by probabilistic methods: However for
most of the applications deterministic constructions are needed. The first explicit
construction for an infinite family of expanders (for k=5 and for some constant «)
was given by Margulis [9], however his argument does not give an explicit . In the
proof he used deep results from the Theory of group representations. Gabber and
Galil [7] modified his construction and gave an explicit family of expander graphs
with £ =7 and some explicitly given a. They used Fourier analysis to prove the
expanding properties of the constructed graph. Other explicitly given families of
expander graphs were given by Alon and Milman [6] using the group representation
technique.

An explicit family of expander graphs were given by Lubotzky, Phillips and
Sarnak [8] with, in a sense, almost optimal expanding properties. (The second
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largest eigenvalue of the matrix of the graph is optimal in an asymptotic sense.
All of the methods mentioned above prove the expanding property of the graph by
giving a good upper bound on the second largest eigenvalue.) All of the mentioned
constructions are very explicit in the sense that the neighbors of a point can be
easily computed by elementary arithmetic operations mod m.

In the present paper we give a recursive construction for a 3-regular (n,c)
expander, where o > 0 is some explicitly given constant. We actually construct
an enlarger that is a (non-bipartite) graph G so that |G|=n and for each X C G,
| X| <n/2 we have T'(X)| > (1+ )| X|, where I'(X) is the set of vertices which are
either in X or have a neighbor in X. (It is easy to construct an expander using an
enlarger.) For our proof we use only the basic properties of symmetric matrices,
and their eigenvalues.

The recursive construction consists of a sequence of local changes in the graph.
At each step we substitute two edges by two others, so that the number of cycles
of length s=|clogn| decreases. When further reduction in the number of cycles is
not possible we reached an enlarger graph. At each step the expanding properties
of the graph are getting better. (The number of cycles of length s is a good measure
of these properties.) At each local change we have a large choice for picking the
edges to be deleted and added, so there is a wide range of possibilities to construct
expander graphs with additional properties. The expansion constant o can be given
explicitly, although the best value which can be derived from the presented method
has not been determined yet.

Description of the algorithm. We give an algorithm which for any n constructs a
3-regular expander graph on n vertices in polynomial time. The construction is a
sequence of local changes in the graph. We will call such a change a switch. In each
switch we take two suitably chosen edges (z,y), (u,v) in the graph, delete them
and add the edges {z,v), (y,u} to the graph. (This type of switch is used in several
recursive algorithm for constructing graphs with large girth.)

Remark. It is possible to compute the number of cycles of length s in time n?logn.
Indeed, first for each fixed z, we compute the number of paths of length d from x
to y simultaneously for all y. This can be done easily by recursion on d. For d=
s and =1y we get the number of cycles of length s starting from z. Therefore by
trying all of the possible pairs (z,y}, {(u,v) we may decide which switch decreases
the number of cycles most. Actually our proof gives a faster way to pick a good
switch but the described procedure works too. After each step the number of cycles
decreases by a factor of 1—1/n2. (Our notion of cycle will be somewhat different
from the usual one, a cycle will be a sequence of directed edges and at each point we
allow three different loops. This has only technical reasons and our results probably
hold for any reasonable notion of ¢ycles.)

The choice of the edges {x,y), {u,v). We will fix an integer s= | clogn] for some
sufficiently large absolute constant ¢ and consider the number of cycles of length
s in G. We will perform the switches so that this number will decrease after each
step. We show that if further decreasing is not possible, that is we reached a local
minimum in the number of cycles of length s, then G is an expander graph.

Definition (0.1). Let G be a 3-regular graph. We define the random variable r =
{rg,...,7i,...) in the following way. For each possible value of r, rg,...,7;,... are
vertices of G. 7p is uniform on G, and for all 7 if ag,...,q; are given and by,bg,b3 are
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the three neighbors of a; then P(r;11=a;|lro=ag,...,m;=0a;)=1/2 and P(rj41=
bjlro=ay,...,r;=a;)=1/6 for j=1,2,3.

With other words (rg,...,7;,...) is a random infinite path where r; 1 =r; with
probability 1/2 and if it is different from r; then it is one of its neighbors with
uniform distribution.

Let ¢ be a fixed natural number. Our definition of a random path gives a
probability distribution on the set of paths of length ¢ in G, where vg,...,v; is a
path iff for all 0 <j <i vj =w;y1 or vj and v,y are neighbors. Unfortunately
this distribution is not uniform (P(r;j=r;;1)>P(r; and ;1 are neighbors)). We
will change the notion of path to make the distribution uniform. This way we will
be able to speak about the number of paths with a certain property instead of the
probability of having a random path with a given property.

Definitions (0.2). 1. If @ is a 3-regular graph we define a directed graph G con-
taining loops. G has the same set of vertices as G. All the edges of G are edges of
G in both directions, and for every vertex v € G there are three loops [ ,,l2, and

[3,» pointing from v to itself. G has no other edges than those mentioned above.
We will denote the head of the edge e by h(e) and the tail of the edge e by #(e).

2. If G is a 3-regular graph then an edge path or e-path of length 7 is a sequence
of edges €g,...,ej_1 of G so that for all 0<j<i—1 we have h(ej)=t(ej41)-

Definition (0.3). z={(zg,...,2;—1) is an e-cycle of length ¢ if z is an e-path of length
i and t(z9) =h(z;—1). {(We consider the empty sequence as an e-cycle of length 0).
If k is an arbitrary integer let (k¥ mod z) be the smallest nonnegative residue of k
mod :. For an arbitrary k& we define zj by zx =z} mod 4):

Let Cyc(G,s) be the set of e-cycles of length s in G.

The following theorem is the main result of this paper. It essentially states
that if the second largest eigenvalue of a 3-regular graph with large girth is close to
1 then a switch can be performed, so that the number of e-cycles of length |clogn |
decreases and the girth remains large. This guarantees that we may reach a graph
with a small second largest eigenvalue by performing a sequence of switches. We
may start with an arbitrary graph of large girth (this also can be easily constructed
by a series of switches) then we pick each switch so that the number of cycles
decreases by the factor given in the theorem and the girth remains large.

Theorem 1. 3> 0¥y’ >03e >0 so that if n is sufficiently large and G is a 3-regular
graph on n vertices with girth (G) > (1/10)logn, A(G) >1~¢ and ylogn < s<~'logn
then there are four distinct vertices x, y, u, v of G so that from the six pairs formed
from them exactly two (z,y) and (u,v) are edges of G, and if G' is the graph that
we get from G by deleting the edges (z,y), (u,v) and adding the edges (z,v), (y,u)
then

\

girth(G') > (1/10)logn  and [Cyc (G, 25+1)| < (1-1/n2)|Cyc (G, 25+1)).

Remark. 1/n2 can be substituted by n~1=9 for any fixed positive &.

Sketch of the proof. The theorem states that after performing a switch using
suitable points z,y,u,v the number of e-cycles of length 25+ 1 will decrease by
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a factor of 1—1/n?. First we show that we do not have to consider all of the e-
cycles in both graphs but only those of them which contain a critical edge (z,y),
(u,v), (z,v) or (y,u) in a strong topological sense described below.

If we have an arbitrary e-cycle then it may contain the same edge in consecutive
positions with different directions. If we delete both we get a new, shorter e-
cycle. Also if we delete any loops we get again an e-cycle. We will call these steps
simplifications. Suppose that starting with an e-cycle e we perform simplifications
as long as possible. If ¢’ is the e-cycle that we get at the end of this process we
call ¢/ a seed of e. We will show (Lemma 2) that the seed is unique upto cyclic
permutations. We will prove that it is enough to count those e-cycles, whose seed
contains at least one critical edge. More precisely we show (Theorem 3), that after
performing the switch, the change in the number of e-cycles is the same as the
change in the number of e-cycles, whose seeds contain at least one critical edge.

For any a,b€ G let Sd(a,b,G,2s+1) be the set of those e-cycles which contain
either the edge (a,b) or the edge (b,a). We have to show that

1Sd(z,y, G, 2s + 1) U Sd(u, v, G,2s + 1)| — |Sd(z,v,G’, 25 + 1)U
Sd(y,u, @', 2s +1)| > (1 — 1/n?)|Cyc (G, 2s + 1)].

We will give an upper bound on the righthand side and a lower bound on the
lefthand side (the lower bound is the essential part of the proof).

In these bounds we have to count approximately e-cycles with certain proper-
ties. For any z,y € G let p, s(y) the probability of the following event: a random
path of length s starting from z ends in y. We consider p, s as an element of the
n-dimensional Euclidean space. We usually will approximate the number of cycles
in terms of MY = —(1/n) + max,cq ||pz,s||>. The meaning of this quantity is the
following: if we start a random path rq,...,rgs from 2 then the probability that we
get back to z at step 25 is p; 24(2) =pz.5 D25 = sz75”2: that is, it is proportional
to the number of e-cycles of length 2s starting from z. This probability is always
at least 1/n. The maximal difference between this probability and 1/n, ocurring
in the graph is M, SG . If the maximum is attained at w then we may think that in
some sense w is contained in a small “component” of the graph, so starting from w,
many random paths remain in this component while few get to other parts of the
graph. This motivates our choice of z. = will be a point with ||pg s||? = 1/n+MSE
and y an arbitrary neighbor of z. We may hope that the edges (z,v) and (y,u) go
out of the “component” of z.

It will be important throughout the proof that the assumption A\(G) >1—¢
implies a lower bound on M, SG namely M, SG >n 178 where § >0 is an arbitrary but
fixed constant (Lemma 8). (v has to be sufficiently large with respect to § where
s>~logn).

We will show that both [Sd(z,y,G,2s+1)NSd (u,v, G, 2s+1)| and |Sd(z,v,G’, 25+
1) N Sd(y,u,G',2s + 1)| are small so we may approximate [Sd(z,y,G,2s+ 1)U
Sd(u,v,G,2s5+1)| - |Sd(z,v,G', 25+ 1) USd(y,u,G’,25+1)| by ‘

|Sd($7y7 G7 2s + 1)| + |Sd(u,v, Ga 25+ 1)|—
(S1) —|Sd(z,v, G, 25 + 1) — [Sd(y, u, G, 2s + 1)|.

Instead of counting the numbers of e-cycles in a set we usually will speak about
probabilities. If rg,71,... is a random path, then let 7; be the directed edge (r;,7;+1).
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(If r; = 7,41 then we pick one from the three possible loops arbitrarily.) Let
P((Fo,,..,?s_;[) c Sd(a,b,G,s)) —Sdp(a,b,G,s). In the definition of Sdp(a,b,G,s)

we allow the edge (a,b) to occur anywhere in the e-cycle 7g,...,7s—1. It will make
our computation easier if we restrict ourselves only to cycles which contain the edge
(a,b) at the very beginning. This motivates the following definition:

Sdpo(a, b, G, s) = P((fo, oo Fe_1) € Sd(a,b, G, 8)|rg = a,r1 = b).

We will show (Lemma 33) that Sdp and Sdpg are proportional, that is

’(2 11> Sdp(z,y, G, 2s + 1) — kSdpo(z, 3, G, 25 + 1)‘ < oME,
S

where x > 0 is an absolute constant and ¢ > 0 is an arbitrarily small but fixed
constant. Based on this Lemma we will work with only the quantity Sdpg. That
is our task is the following. Two neighboring points, a,b are given, and we have
to estimate the probability that the e-cycle defined by rg,71,...,7254+1 contains the
edge (a,b) in its seed. This way we will have an estimate of all of the terms in (S1).

First we show that the conditional probability of the following event is small:
the cycle contains z, (x is now an arbitrary point, not necessarily the one used in
the switch) far from the beginning and the end with the condition that the cycle

starts at x, that is P(Eli r;=x and Blogn <i<s—Blogn|rg=z and rszx) <n~ 8

where § >0, 8> 0 are constants, 8 is arbitrary, § must be sufficiently small with
respect to 8 (Lemma 15).

Since the girth of the graph is at least (1/10)logn the neighborhood of an
arbitrary point z with radius (1/20)logn is a tree. Now if we have a cycle with
rg=x, 71 =y where z, y are arbitrary neighbors, then the previous result implies
that with high probability  can occur on the cycle only at the very beginning
before the path leaves the tree, and at the very end after it returned. We may
divide the tree into two parts T, the points closer to x and T}, the points closer
to y. If the path left through 73 and also returns through T, then obviously the
edge (z,y) is not in the seed. (The similar statement holds for Ty too). So there
are two essentially different possibilities when (z,y) is in the seed: either the path
leaves in the direction of y (through T3 ) and returns from the direction of z or the
same with the role of z,y reversed. To compute the probability of this event first
we approximate the distribution of the endpoint of a path of length s leaving in the

direction of z (or y). We will denote the former distribution by pg{fs’y}’x the latter by
{z,y}

Pz,s ¥ Since we get a cycle with the required properties by joining paths of these
two different types we will have the probability that a cycle contains (z,y) in its

seed with the condition rg =z, r{ =y is approximately pg{cﬂ’y}’z -piws’g_}l’y. Since the

distributions are changing only a little if we increase s by 1 this is approximately

{zyhz pi’ms,y},y‘

the same as pg g The error in both cases is less than O'MSG . So

our main task is to get a sufficiently good approximation for pigfs’y}’x and pifgy}’y.

We actually will show that for both there is a linear combination of the constant
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distribution, gz s = —(1/n) +pe,s and gy s = —(1/n) +py,s which is close enough.
(Lemma 43). E.g.

2 4 2
p;{cics’y}’w(z) = — + —Qz,;s — =qy,s + R where I|R|I? < JMSG.
an 3 3
Taking the inner product of these distributions as indicated earlier we get that
the probability in question ((z,y) is in the seed with the condition rg=z, r1 =) is
(Lemma 44):

5 10 25 10
(SZ) S 7 o 4z,s " qx,s + o 4z, " Qy,s — —Qy,s " Qy,s —+ R, where |R‘ < O'MSG
In 9 9 9

We will explain later how can we get the necessary approximations, now we
show the conclusion of the proof using the approximation formulas.

Assume now that z,y are the points that we use in the switch that is they are
neighbors with the additional property ||pss||?=(1/n)+ME&.

We intend to choose the points (u,v) so that the sum in (S1) is as large as
possible. As we mentioned earlier (S1) is proportional to

Sde(xv Y, Ga 25 + 1) + Sde(uv v,G, 25+ 1)_
—Sdpg(z,v,G',2s + 1) ~ Sdpg(y, u, G', 25 + 1).

We show that this sum is at least (1/2)MY. We will use (S2) to estimate each
term separately.

The maximality of |pszs|| implies that p; s and py,s are approximately the
same (Lemma 29), so from (S2) we get that Sdpg(z,y,G,2s+1) is approximately
(5/9((1/n)+ g5 qz.s)=(5/9)((1/n)+ MS). The error is less than cME, where o
is a small constant. We choose u,v so that we have

SdPO(u7UJG>25 + 1) 2 (5/9)((1/n) - UMsG)u
Sdpg(z, v, G, 25 +1) < (5/9)((1/n) + o ME),
Sdpy(y,u, G', 25 + 1) < (5/9)((1/n) + o ME).

(S2) implies that we may get bounds in the good direction if the inner product
Pu,s *Pu,s is large but the products of the types py s-py,s are small. (The first
requirement is met if p, s and p, s are almost the same). Motivated by this goal
we will choose the points u,v with the following properties:

(T1) the distance of u from z is at least (1/10}1logn,

(T2) ”pu,s _pv,s||2 < OJMSG’

(T3) prs-pus<(1/n)+0'MS and py s pus<(1/n)+0' MC,

Da,s Pu,s < (1/n) +0—IMS(; and py s Dy,s < (1/n) +U,M5G

where ¢’ >0 is a small constant.

Obviously almost all pair of neighboring points (u,v) satisfies (T1). To show
that (T2) and (T3) can be also satisfied we only need some properties of the symmet-
ric linear transformation associated with the graph. (Lemma 32 and Lemma 29).
Actually Lemma 30 implies that (T2) also holds for almost all (u,v); Lemma 32
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and Lemma 29 implies that (T3) holds for a positive proportion of all pairs. (S2)
and these properties imply that the required inequalities hold, which concludes the
sketch of the proof.

We will give a more detailed outline of some of the most important Lemmas
immediately before the actual proofs.

2. Topological properties

First we show that when we compute the change in the number of e-cycles, it
is enough to take into consideration e-cycles which contain at least one of the four
critical edges in a strong topological sense.

If we are interested only in the topological position of the e-cycle in the graph
then we may simplify our e-cycle by deleting all loops and any two consecutive
edges which differ only in their directions. Naturally after such deletions new pairs
may arise with the same property. We delete them too and continue the process
until we get an e-cycle which contains no loops and no consecutive edges which
connects the same two points but in different directions.

Definition. We say that the e-cycle z={zp,...,2;_1) can be simplified at j where
j=0,1,...,4—1 if either

(1) z; is a loop, or

(2) the edges zj and z(j1 | ;moq 4) connect the same points only in different direc-

tions. A

If (1) holds we get an e-cycle 21+ of length i—1 by deleting z; from z. If (2)
holds then we get an e-cycle 227 of length i—2 by deleting both zj and Z(; 11 mod i)
from z.

We will call these two operations simplifications of z. If the e-cycle cannot be
simplified (that is none of the operations can be applied), then we say that the e-
cycle is simple. (It is not true that the vertices of a simple e-cycle form a “simple
path” in the usual sense. E.g. a simple e-cycle may contain the same edge several
times (in nonconsecutive positions)).

If 2 is an e-cycle and we perform a sequence of simplifications starting from z
until we get a simple e-cycle 2’ then we call 2z’ a seed of z.

Lemma 2. If z is an e-cycle and 2,2" are seeds of z then the lengths of 2’ and 2"
are the same and they are identical up to a cyclic permutation.

Proof. Let z=(zg,...,2i—1). We prove the assertion by induction on . Suppose
that in the sequence of simplifications which leads to 2’ the e-cycle w’ is the first
after z. Similarly w"” is the corresponding element of the sequence leading to 2.
According to the inductive assumption the seed of w' and w” are unique up to
cyclic permutations. Assume that we get w’ by deleting the edges zj,zj141 and we
get w” by deleting the edges 21,z 41.

Case L. The sets {j',5'+1}, {5",5" +1} are disjoint (mod ). In this case the two
simplifications can be performed simultaneously. Suppose that we get w as a result
of the simultaneous simplifications. Clearly we may get w from both w' and w” by
a single simplifying step. If w* is a seed of w then it is a seed of both w' and w".
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As we have already remarked the inductive assumption implies that the seed of w'
and w” is unique up to cyclic permutations so 2’ and 2" are identical in the same
sense.

Case IL. The simplifications leading to w' and w" involve the same edge z;. If w'
and w' are distinct the only possibility for this is, that, e.g we get w' by deleting
the edges 2z;_1,2;, and we get w" by deleting the edges 2j,2j+1, Where j—1 and j+1
are taken by mod i. In this case however w’' and w” are the same (up to a cyclic
permutation) so the inductive assumption implies the statement of the Lemma. (v’
and w' are not necessarily identical as the =0 case demonstrates).

We will show that if we perform a switch then the change of the number of
e-cycles of length 7 is the same as the change in the number of e-cycles of length ¢
whose seed contains at least one of the four critical edges. (The critical edges are
the edges which are contained only in one of the two graphs). |

Definition (2.1). If (z,y) is an edge in G then Sd(z,y,G,s) will denote the set of
e-cycles of length s whose seed z = (zq,...,25—1) contains the edge (z,y), (that is
there exists an integer k with either zp={z,y) or z; = (y,z)).

Theorem 3. Suppose that G is a 3-regular graph and a,b,u,v are four distinct
vertices so that, from the possible six pairs formed from them, exactly two, (a,b)
and (u,v) are edges of the graph. Let G' be the graph that we get from G by
deleting the edges (a,b) and (u,v) and adding the edges (a,v) and (b,u). Then for
any positive integer s we have

|Cyc (G, s)| — |Cyc (G, 5)| =
1Sd(a, b, G, s) USd(w, v, G, s)| — |Sd(a,v, G, s) USd(b,u, G, s)].

Proof. For each simple e-cycle z in G let C s be the set of e-cycles in G with length
s, whose seed is z (up to cyclic permutations) and if 2 is in G’ then let C; , be
the corresponding set in G'. Tt is sufficient to prove that if z is an e-cycle in both
G and G’ then |C, 5| =|C . Indeed, if this holds, then the number of e-cycles
whose seed does not contain any of the four critical edges is the same in G and
G', thus the change in the number of e-cycles may result only from e-cycles whose
seeds contains at least one critical edge. The righthand side of the equation in the
theorem gives exactly this change.

Let D, ; be the set of those e-cycles from C, s which do not contain loops, and
D'Z’S the corresponding set for G'. It is sufficient to prove that for all ; we have
|D, ;= ID’Z7Z-|. Indeed, if s is fixed then for each 1 <i<s and y€ D, ; we may get
elements of C, s by adding loops to y. More precisely let y = (yo,...,%—1) € Dz s
and go,...,g;—1 be a sequence of nonnegative integers with Z;;%] gj=s—1. (H;
will denote the set of all functions g with these properties). We will add g; loops in
each possible way to the cycle between the edges Z(;_1 mod 1)1 %] That is let F 4
be the set of all e-cycles w=(wq,...,ws—1) with the following properties:

(a) w contains exactly i edges which are not loops. wjo,wj;,...,wj,_,, 0<jg <

J1<...<Ji—1<s—1 will denote these edges.

(b) wj, =y for k=0,1,...,i—1.
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(¢) Jb—Jk-1=gr+1 for k;l,...,i——l and jo+s—ji—1=go+1.
Clearly |Fy,g| depends only on i and g, moreover if the pairs (y,g), (v/,g")
are distinct then the sets Fy 4, Fiy s are disjoint. The definition also implies that

Ces=Ui—g UyeDz,i,geHi Fyg. So we have Vs(Vie[l,s] |D,;| = |D;7i]) =|Chsl=
|C%sl-

Therefore to prove Theorem 3 it is sufficient to show that the following Lemma
holds.

Lemma 4. Assume that z is a simple e-cycle in G which does not contain any of
the critical edges, then for all s=1,2,... we have D, ; :sz,s'

Definitions. If x is an e-cycle not containing loops we will call it a smooth cycle.
For each vertex v in G' we fix an order of the three edges e, 0,€y,1,€y,2 touching v.
We will define an angle between any two edges touching the vertex v. The angle
will be a residue class mod 3. The definition is the following: ang® (€v,ir€n,j) =
i—j (mod 3). (If e, f are directed edges touching the vertex v, then ang(e, f) will
denote the angle of the corresponding undirected edges). In a similar way we may
define the angle of edges in the graph G’. It is easy to see that we may pick the
ordering of the edges at each vertex in the graph G and G’ so that for all vertex
v and pair of edges e, f touching v, if v and e, f are all elements of both G and G/
G G’

then angy (e, f)=angy (e, f).

Suppose now that y = (yg,...,¥s—1) i a smooth cycle of length s in G. As
earlier we extend the definition of y; for all integer 4, by ¥ = ¥ mod s)- ¥ will
be a sequence from the elements of Z3 giving the sequence of angles between the
neighboring edges y;. More precisely for each integer 7, §; :angh(yi)(yi,yi+l)-

We intend to show that if the seed z of the smooth cycle y is nonempty then z
and 4 determine in some sense y. Moreover the simplifications of ¥ can be directly
performed on the sequence §j. So if we know a possible z and a § then we may decide
without knowing the graph G whether there is a smooth cycle ¥ which gives 7 and
whose seed is z. This will imply that the number of smooth cycles y of length s and
with seed z does not depend on GG. (The case when the seed is empty is somewhat
more complicated. The number of smooth cycles y with an empty seed and a given
7 will also depend on the number of vertices in the graph.) Since our graphs are 3-
regular we defined the angle between two edges as an element of Z3. For m-regular
graphs we may define angles in an analogue way with values in Z,,. Although we
need only the mod 3 case we give the following definitions mod m.

Definitions. 1. We call the pair F=(H) a(F)) an angle cycle (or a-cycle) if H=
HE) is a directed graph consisting of a single cycle of length s containing each of
its points only once, a=a{) is a function and for each z€ E(H), a(z) € Zm. (The
vertices of this graph will correspond to the edges of an e-cycle, the edges of F to
the vertices in the cycle, and a(x) to the corresponding angle in the e-cycle.)

2. If z is an edge of H and a(z) = 0 then we define an other a-cycle Fy =
(Hz,az). Suppose that (u/,u), z = (u,v), (v,v') are edges'of H. Then V(H,) =
V(H)—{u,v} and if u'#0' then E(Hy)=(E(H)— (u,v))U{{/,v")}, if u' =" then
E(H;) = E(H) — {(«,u),(u,v),{v,v')}. The function a, is identical to a, where
both of them must be defined, and ax({v/,v")) =a({(v/,u)) +a({u,v")).
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3. We say that F' is a simplification of F if there is a sequence F' 0 —
F FY ... Fi=F so that for all 0<:<j there is an edge z; of F; so that Fitl=
Fy;. F is a simplification of itself according to this definition, we call this the trivial
simplification.

4. F is called simple if it has no nontrivial simplifications that is a{z) #0 for
all edges z of F.

5. F' is a seed of F if F' is a simplification of F and F' is simple.

6. We define three relations on the set of vertices of H{F). Suppose u, v are
vertices of H(F ), then

uAv iff there is a simplification (possibly trivial) F’ of F' so that (u,v) is an

edge of HF') and aF)((u,v)) =0,

u® iff there is a sequence ug=u,...,ug; =v for some :=0,1,... with u;Au;1q
for all 7=0,...,2:—1,
uPv iff there is a sequence ug = u,...,ug+1 = v for some ¢ =0,1,2,... with

ujAuj g for all 7=0,...,2i.

Obviously @ is an equivalence relation.

8. We define a subset Sg of the vertices of . If z is a vertex, it belongs to
Sp iff there is a yEV(H(F)) so that

(a) z®y, and

(b) there is a sced F” of F' so that ye V(H()),

Suppose now that z = {z,...,2s—1) is a smooth cycle. We define an a-cycle
F(=) = (H(#) 4(2)} in the following way: the vertices of H(#) will be the numbers
0,1,...,s—1, the edges the pairs {(i,(i+1 mod s)), =0,1,...,s — 1 and a(®)(i) =
ang(z;—1,%)-

Let f(z) be the function with domain Sp(,; defined by: f(z)(i)zzi.

Lemma 5. Suppose that y = {(yg,...,¥—1) is a smooth cycle in the graph G. Let
Tycfs be the set of smooth cycles z of length s whose seed is y (up to a cyclic

permutation). Then each zeTyC”Ys and j € Sp(.) we have: 3k A6 =y

Proof. Assume that j € Sp(.). According to the definition of S there is a j' €
V(H()) so that j®;' and there is a seed F' of F with j'€ V(HF")). Since the seed
is unique up to cyclic permutations this implies that f (Z)( j")=yy, for some k. The
definition of A implies that if uAv then the edges f (Z)(u) and f (Z)(v) differ only in
their directions, and so by j®;’ we have f(*)(j)=f?) () =yy. 1

Definition. Suppose that y = (yo,...,%;_1) is a smooth cycle in the graph G. Let
Ugs={(a®), /)2 €T},

Lemma 6. If v = {yo,...,¥-1), ¢ > 0 is a smooth cycle in the graph G then

z — (a(z),fz> is a one-to-one map of Tycfs onto UyG,s‘ If G' is an other 3-regular

graph, so that y is a smooth cycle in G' too and for all i =0,...,5—1 we have
(Wir y(s )= (%i> y(s ) then UG, =UG.

angc ¥, Y(i+1 mod s)) = ANEG (Y1 Y(i4+1 mod s) Y, Y,8°

Proof. The definition of Uggg) implies that the map is onto.
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Suppose that (a(z),f(z)) = (a(’”),f(w)>. f(#) = fw) and i >0 implies that there
is a j with z; =w;. Since al?) = g(®) we may prove by induction on k that z; 4=
wjyp for k=1,2,....

Assume that (a(z),f(z)> € U?fs. We prove that it is also in Uycf; It is sufficient

to prove that there is awe€ TGI with (a(®), f@)y = (a(2) f(2)) Let 257 =
2,27971 . 0=y bea sequence of simplifications of z. We construct a sequence
of smooth cycles w?,...,w*"7 in @' with the following properties.

(a) wo ==y, .

(b) w? is a simplification of w/™1 for j=0,...,5—i—1,

(c) ang(zfc,zi+1)—ang(wi,wiJrl) for all j=0,.. —i, k=0,...,i+7—1.

We construct the sequence w¥ by recursion on k. w®=20 =y. We get Z1 from
2311 by deleting a pair of edges g,h. Assume that in 2771, g, g, h,h are consecutive
edges and angg(g,h) =0. Let ¢’,h’ be the consecutive edges in wJ corresponding to
g,h. Since ang(g,h) =angq(g',h') there are edges X in G’ so that ang(vy,x)=0
and ang(7,9) =ange (¢',7) angg(h,h) =angq (x,h). We get wit!l by adding to
w; the edges v, x.

—1

we have (a(®@), f()y = (q(2) f(2)y, 1

It is easy to see that for w=w?*

Lemma 7. Let w be an edge of G and Wg‘w the set of all smooth cycles z =
{20,...,2s—1) of length s in the graph G so that zp=w and the seed of z is empty.

¢G5 2 al?) is a one-to-one function defined on WG If G’ is an other 3-regular

graph, and w' is an edge of G’ then range (¢*%*) =range (ngG '),

Proof. The proof of this Lemma is similar to the proof of Lemma. 6. 1

Proof of Lemma 4. The statement of the lemma is an immediate consequence of
Lemma 6 and Lemma 7, therefore we have completed the proof of Theorem 3 too. |

3. Approximate counting

First we give a table of the definitions which will be used in the remaining part
of the proof:

Definitions.

(0.1) the random path r=(rg,ry,...).
(0.2) G, h(e), t(e), e-path.
(0.3) e-cycle, Cyc(G,s).
(2.1) Sd(=, y,G s).
(7.1) A(G), A, I'(X), B, P.

( )pz z( ) Qz z( )

(7.3) MF, ex(2).

(12.1) Ty Aje

(24.1) tm,yi(z).

(32.1) Sdo(=,y,G, s), Sdp(z,y,G, s), Sdpo(z,y, G, s).
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Definition (7.1). Suppose that G is a 3-regular graph on the set of vertices
{vo,...,vn}. We define an n by n matrix A = A(G) associated with G in the
following way: A={a;;} where a; ;=1/6 if (v;,v;) is an edge of the graph, a; ;=
1/2 if i =3 and a; ; = 0 otherwise. It is easy to see that A is a symmetric ma-
trix whose eigenvalues are in the interval [0,1] and the largest eigenvalue of A is 1.
Moreover if the second largest eigenvalue A of A is smaller than 1—eq where ¢ is
an absolute constant, then there exists an a >0 (depending only on £p) so that for
any X CG, |X|<n/2 we have [I'(X)|>(1+a)|X|, where I'(X) is the set of vertices
which are either in X or have a neighbor in X.

Let A be the matrix of the graph and P the orthogonal projection of the space
onto the subspace orthogonal to the eigenvector of A belonging to the eigenvalue
1 (this eigenvector is the constant vector), and let B=PA. Since P2=P, P*=P
and PA=AP, B is a symmetric matrix whose eigenvalues are in [0, 1].

Depending on the graph G we defined the matrices A, P, B and the number .
(X is also the greatest eigenvalue of B). These matrices act as linear transformation
on the vectorspace of real-valued functions defined on G. ||f|| will denote the
Euclidean or Ly norm of f on this space unless we indicate otherwise.

Definition (7.2). If G is a 3-regular graph, |G|=n and z,z € G then let p, ;(z) =
P(ri=zro=1x), qz;(?) =pyi(2z) —1/n.

In any connected graph if z is fixed then p, ;(2) tends to the uniform distribu-

tion if ¢ —oco. It is easy to see that A(G) < 1—e¢ iff there exists a 0<p< 1 depending

only on ¢ so that ||gz || <p* for all z and i. The following lemma will show that if
HQm,iHZ is small (<n~17¢) for some i <clogn and for all z then M(G)<1—c.
Definition (7.3). For each :=1,2,... let

M = (=1/n) + max||pa,|* = max [lgz,|*

(Here we used that ¢ is orthogonal to the constant functions).

Let ey be the function defined by ez(2) =1 if 2=z and eg(z) =0 otherwise.
We will consider functions defined on G as n-dimensional vectors, Clearly A'e; =
pg,; and B'ey =qy;, 1=1,2,.... We will denote the inner product of the vectors f
and g by f-g

||pm,i||2 =Pg,i Pz = P(rej=2z|rg=1) that is it measures the number of cycles
of length 2¢ starting from z. {(Two independent paths of length ¢ will meet at their
endpoints with probability pe s pgz.) MZG measures the maximal (in ) number of
such cycles. Note that Ml-G can be defined by MZ.G = —(1/n) +maxz y{Dgi Dy}
since the maximum is attained where the two factors are equal and are of maximal
length.
Lemma 8. V6 > 0,c¢ > 03eg so that for all sufficiently large n, and for all positive
integer s < clogn the following holds: if G is a 3-regular graph on n vertices, and
ME <n~178 then A\(G) <1-¢o.
Proof. Suppose § and ¢ are fixed and &g is a sufficiently small. (We will apply the
lemma in the case when § is small and c is large.)

As we have remarked earlier M, SG =maxg,y{Pz,s Py,s} —1/n so our assumptions
imply that for all z,y € G, |pg,2s(y)—1/7] <n~ 70 that is we have |A%5ep—ul ., <
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n~ 179 where u=(1/n,...,1/n). (Since the entries in each row of A are nonnegative
numbers whose sum is 1, we have that ||A2(s11)e, —ulL < [|A%e; —ul|L,,, and
therefore we may assume that s is even.) Let t=2s. Since the number of coordinates
is n, our inequality implies that ||Ate; —u| 1, <n~ for all z, that is [|[PAles||1, <
n=%,

Now we use the following general property of the L; norm (which can be
checked easily): If D is an arbitrary linear transformation then Vz|Dez|[r, < A
implies V(|| fllz, <1—[DfllL; <A).

Applying this property repeatedly we get that for an arbitrary positive integer d
we have ||(PAY)%e,|r, <n~%. Since PA=AP and P?=P we have ||PA%ez| 1, <

1

n %,
If d is sufficiently large then |[PA%ez||r, < ||PA%es||r, <n~3. This implies
that for any f with ||f||z, <1 we have [|[PA%f|1, <!l Lo ZmeG||PA‘7ltem|fL2 <

nxnxn3<n~l. Therefore the second largest eigenvalue of A is smaller than
<n~1)1/(dt):2—1/(dc) <1. 1

Lemma 9. Let 0< o1 <...<op <1, 2 =2 i1y clza,éc where ¢; (i =1,...,n) are
arbitrary real numbers. Then 1>xj /x>y /x)—1 for k=2,3,....

Proof. xj.1 = Yrjaiciak, 1 > zpyi/zp = Z?:laicgaf/(zgglcjzaf) =
YD I 0<xz <1, let fr(xr) = a; where i is the greatest integer with
Zj@ D; <. The facts that each D;y is nonnegative and Z?:l D; =1 implies
that the function f takes the value a; on an interval of length D; ;. Therefore
Y1 D; = fol Jr(z)dz. So it is sufficient to prove that fi(z) > fr_1(x) for all
0 <z <1. We prove that for any 0 <7 < n we have quDj,k < Zj<iDj,k—1
which by the monotonicity of the sequence «; and the definition of f;, implies cur
statement.

Lemma 10. Suppose that Aq,..., A, is an arbitrary sequence of nonnegative real
numbers and 0< 31 <... <8, <1. Then for any 1

Yicidi | 2i<iPids
D= Ay T X To18i4;

provided that 37, 8;A; #0.

Proof. We may suppose that Y7 ; Aj=1. Let v; =8;/(3j=18;A4;). Clearly 0<
v <...<v, and 27:1 vjAj=1. We have to prove that

(10.1) DA =) 4
. j<i g

If v; <1 then 0<v; <+;<...<1 so our assertion holds trivially, If v; >1 then
1<y <... <9y 50 Zj>i7jAj 22j>iAj that is 1—Ej>i vjA; 51"2j>i A; which
is equivalent to (10.1). ]
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Lemma 11.
(11.1) If T is a symmetric n x n matrix whose eigenvalues are in the interval [0,1]
and z is an arbitrary n dimensional vector then for any 1=0,1,2,... we have
T el _ 7%
ITe] = T ||’

(11.2) Yo >03c>0 so that if A is an nxn symmetric matrix whose eigenvalues are
in the interval [0,1], s >clogn, then for any vector v we have

| A%y — ASTLy||? < max{%Hsz,UHASUHZ} :

Proof. (11.1) The statement is an immediate consequence of Lemma 9. |

(11.2) Let wuy,...,u, be an orthogonal system of eigenvectors of A and Ag,..., A
be the corresponding eigenvalues. Assume v = aquy + ...+ apty. Then A%v =
Saqup + ...+ Aagup. If |AS[? < Q#H’UHZ, then ||AST1y||2 < ||A%v[|? implies

that the inequality trivially holds. Suppose that ||ASv||? > 2—71L2||v||2 We may pick
¢ so that s > clogn implies that (1—9%)° < %# Therefore || > {Aazu;| A <
L=0/4}|2 < Gzl < (o/4) ]| A%]%.

So Af <1 we get |[A%0 — ASHLy||2 < [|32{(Xs - Af+1)aiui|)\i <1—o/4}|?+
{1 = A)ayug| A > 1 — o/4}||?. Applying the inequality at the end of the
previous paragraph for both s and s +1 we get that the first term is at most
2Z]|A%v||*. To get an upper bound on the second term first we write o instead of
1—); then (using the orthogonality of the vectors u;) we extend the summation
to all i.) This way we have that the second term is at most Z||3°7 4 A¥au,)|2 <
2| A%v||?. Therefore |A%v— AT 1y < o] A%0))2. 1

Lemma 12. Let G be a 3-regular graph, x € G. Then for any 1=0,1,2,..., we have

1
P(ro; = | ro = x) = ||py|* = ot llg.ill?
and

1
§P(7‘22' =z|rg=x) < P(rojp1=x | rg=2) <2P(rojqo =z | rg =x).

Proof. P(ro;=z|ro=x)=) cqP(ri=yjro==z)P(rzi ==|r; =y and ro=x). We
may give the second factor in a simpler form: P(ro;=zx|r;=v and ro=x)=P(rg;=
z|ri=vy) = P(r; =z|rg =y) = P(r; = y|ro =) which proves the first equality of the
lemma. The second is a consequence of the definition of ¢, ; and the fact that it is
orthogonal to the constant function. The inequalities are immediate consequences
of the fact P(rj11=r;)=1/2 for any j. 1

Definitions (12.1).

1. Wm’i:pxj?-(a:):P(riéxﬂrosx).

2. A\ = |BI e, )12/ Bies||®. (A; depends on z, although our notation does
not show this dependency.)
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Lemma 13. 1

(13.1) 72,0 =1/n+lgzi|* =1/n+ (1520 A1) (1= 1/n), where $ <A <A1 <... <.
(13.2) there exists an absolute constant a < 1, so that for all § >0 there exists a
¢>0 with the following property: if girth (G) > Blogn then for all z€G and 1<j <
clogn we have A <a.

Remark. We use Lemma 14 for the proof of (13.2), and in the proof of Lemma 14
we use (13.1).
Proof. ||q$,0|[2 =((n—-1)/n)?+(n-1)n"2=1-1/n,

i—1 i-1
112 =TI lazse11?/lge,i1? = llgzil*/llgs0l® = llge* (1 = 1/n)

j=0 j=0
Since A; =||B*t1e,||?/||B'es||* Lemma 11 implies that Aj <A if g <4,

_ laeal® _ (lpeall® -
lazol®  (llpz0ll? —

(B +3)°-3) ¢
=3

(13.2). We may assume that n is sufficiently large with respect to 8, otherwise
we may pick a ¢ with clogn < 1. Lemma 14.a) implies that there is an absolute

— -1 - . .
constant 0<x <1 so that H;:% Aj=(1- %) llgz 12 < if 26 <girth(G). Let 0<
a <1 be an absolute constant and k& be a positive integer with the property

—_

!
l

3B 33—

el R N

9%

>1
1

—~—
—
|

(13.3) (1/4)ak1 > Kk,

If 5> 0 is fixed let ¢=(/2k. Assume that girth(G) > Slogn and contrary to
our statement A; > a for some j < clogn. Since the sequence A; is increasing we
have that A; >« for all j > clogn. 1/4 <X <Ap <... implies that if d =[clogn]

k - kd -1
then Hjio Aj> (1/4)%ak~1e_ On the other hand, [[Zo= (1- %) 192 kall* <
1k that is (1/4)%(*~14 < ke in contradiction to (13.3). |

Lemma 14.
(14.a) There exists an absolute constants 0 <a <1, so that if G is a 3-regular graph
on n vertices, i s a positive integer, girth (G) > 2i, then

1 g
lg2.4ll? + =~ = lipaill* < o

(14.b) There exists an absolute constants 0<<a' <1, sp thatqf G.is. a 3—regu]ar graph
on n vertices and % is an arbitrary positive mteger then e

Iqu,z‘il > (o).
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Proof. (14.b) is an immediate consequence of ||gz ol|>=1—(1/n) and (13.1). (Here
we do not use the assumption about the girth of the graph).

(14.a) Since there are no cycles shorter than 2¢ and containing =, the set of
those points in the graph whose distance from x is not greater than i form a tree.

Let d; be the distance of r; and x for j=0,1,...,i. Therefore for any fixed sequence
T = ap,...,a; we have P(d;yy > djlrg = ap,...,r5 = a;) > 2/6 >1/6 > P(d;4, <
djlrg = aq,...,7; = a;). So according to Chernofl’s inequality there are constants

c1 > 0,¢ >O 03 > 0,62 > c3 so that P([{7 <ildjy1>dj}| >cotand [{5 <ildjyr <
d;}| <csi|ro=x)>1—e " that is

(14.1) P(d; > (cg — c3)i) > 1 — ™%,

The symmetry of the tree implies that the value of p, ;(z) is the same for each
z with a fixed distance (less than ) from z. So, for ||p, ;||? (with the condition d; >

(cg—c3)i), [lg]|® +e~% is an upper bound, where g is a distribution concentrated
on the points whose distance from x is [(c2 —c3)i]. Clearly there is a ¢4 >0 so that
llgl|? < e®* which together with (14.1) implies our assertion. ]

The following Lemma states that if rg =1, that is rg,...,7s—1 is a cycle and
s=+logn, then with high probability all the occurrences of z in the cycle will be
close to either 0 or s that is if 7; = then either 0 <i<fFlogn or s—Flogn <i<s for
some small constant 3> 0. Since the girth of the graph is bigger than Blogn this
implies that the seed of the cycle contains z at most once. Indeed two occurrences
of = in the seed at distance d implies that the girth of the graph is at most d. So
Lemma 15 implies that with high probability the seed of a cycle of length ylogn
contains each of its points only once.

Lemma 15. ¥3>0 36 >0, v>0 V' >« if n is sufficiently large and G is a 3-regular
graph on n vertices with girth(G) > flogn, z € G and viogn < s < v'logn then
P(Fi rj== and Blogn<i<s—QGlogn|ro=x and rs=z)<n~%.

Remark. Naturally the last inequality of the lemma also holds if we replace 8 by
any larger constant. The role of the condition girth(G) > Blogn is just to give some
constant X logn lower bound on the girth, and not to restrict 3.

Proof. It is enough to prove that for any fixed i € [Blogn,s— Blogn], P(r;=x|ro=
zand rs=x) <n™% for some § >0. P(ri=z|rs=z and ro=z)=P(r;=z and rg=
ziro==x)/P(rs=xz|ro=z). To get an upper bound on this expression we use that
P(ri=z and rs=z|rp=x)=P(r;=z|ro=z)P(rs=z|r=v and rop=z)=P(r; =
zlrg=z)P(rs_;=zlro=2x).

So we have

Plri=xz|rs=zandrg=12z)=

(15.2) =P(ri=z|rg=x2)P(rs—;=z|ro=x)/Plrs =z | rg = ).

According to Lemma 12 and Lemma 13 for any t, P(ry =z | ro = z) <
(1/n+T1%7 A2 and P(ri=z|ro=2) > (1/2)(1/n+nt/2 A;)(1=1/n). Using
these 1nequahtles and (15.2) we get
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(15.3) Plri=z|rs=zandrg=2x) <
l7/2-1] L(s—i)/2]-1 ls/2]-1
16(1/n+ [ M) e+ JI N / n+ J[ A
=0 j=0 5=0

Now we consider two separate possibilities:
Case 1. A|4/g) <7=+/a, where a is the absolute constant in Lemma 14.

Assume that e.g. ¢>s—4. Then the product H]Lz:/gflJ A; contains at least s/8
factors which are less then 7. So if « is sufficiently large (compared to 7) then the
product is smaller than 1/n. (Here we used that the sequence A; is 1ncreasmg and
A; <1). This implies that 1/n—|—HLZ/2 L A <2/n.

In a similar way we may get an upper bound on l/n—i—HjL(:sO_l)/QJfl Aj. Here
the product may have only Slogn factors so our upper bound will be only n~?
where § >0 is sufficiently small compared to 2 and 7. ‘Our two upper bounds imply
that (1/n+HW2 U, ;) (1/n —{—HL(S D721y ) < n~17% where §>0 depends only
on 3. (tis an absolute constant). _

The denominator in (15.3) l/n—}—H]LS:/gJ_l)\j is trivially at least 1/n so (15.3)
implies that: P(r;=xz|rs=z and ro=x)<n % which proves our statement.

Case 2. )\LS/SJ >\/&.

We will denote the three products occurring in (15.3) by [T, [T” and []".
Since 1/n + [ > max{1/n,[[""} we have P(r; =« | rs = z and ry = z) <
16(1/n+ T +I1"+TTT1"/IT")). The first statement of Lemma 14 and i €
[Blogn, s — Blogn] implies that []' +]]” <n % where §; depends only on 8. Sup-
pose now that e.g. i>s/2. To give an upper bound on [['T["/[]” we use (14.a),
the monotonicity of the sequence A; and Als/g] > va. The number of factors

in J[T'T1” and []"” is the same. The beginning of [T and [T’ are identical so
we may Cancel them. The remaining expression can be written in the form p =

L(S 9/2)-1 —J where d=(¢/2) —1]. The monotonicity of A; implies that each
Njid J
factor is at most 1. Therefore if m=1|3logn] then p< H "

A+d—”qﬂcm” /C“2 <

am/a% <a'% <n~ ¢ which completes the proof of Lemma 15. ]

In our estimates about the number of cycles the error will be small compared
to MS. Since M has been defined in terms of the quantities pz,s(z), € G, we
give upper bounds for the probabilities P(r; =y, and 7, =z | rg = z) in terms of
expressions like p; ;(z), py,;(y) for a suitable j. The following Lemma 16, gives an.
upper bound of this type. The Lemma consists of four parts, each part guarantees
an upper bound only if certain inequalities hold. We will see in Lemma 18 that at
least one of these four conditions are always satisfied, so Lemma 16 actually covers
every possible cases.
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Lemma 16. V3>0 36>0, v>0 V' >~ if n is sufficiently large and G is a 3-regular

graph on n vertices with girth (G) > Blogn, z,y € G and vlogn < s <~'logn then

for each fixed 1 with Blogn<i<s— fBlogn the following four conditions hold:
(16.1) if py;(y) <4pyi(x), and py i (y) <4psz s—i(x) then P(r;=y, and rs=z|

(16'2) if Pz y) < 4py,i.(y) and Px,s— (y) < 4Py,s—i (y) then P(Ti =y, and rs =1z |

r n—épy,s(y);
(16'3) pr:z,z' y) < 4pw,i(-77) and pw,s~i(y) < 4py,s—i(y) then P(Ti =y,and s =1 |

(16.4) if pe,i(y) <4pyi(y) and pe,s—i(y) <4pg,s—i(z) then P(r;=y, and rs==|
ro=a) <n= 5 (py,s (1)) (Pr,s())* 7). '
Proof. (16.1) and (16.2). P(r; =y, and rs =z | 70 = 2) = pgi(¥)Pg,s—i(¥) <

16pz i (x)pe,s—i(z). This is the same product which occurred in the nominator of
(15.2). In the proof of Lemma 15 we have shown that py;(2)ps s—i(2)/pe,s(z) <

n~% which implies our statement. Since Pa,j () = py j(z) for any j (16.2) follows
from (16.1) by reversing the roles of = and y.

(16.3) and (16.4). We prove only (16.3), (16.4) can be proved in a simi-
lar way. P(ri =y, and 75 = 2 | 70 = ) = P,i(y)Pz,s—i(y) < 16pzi(z)py,s—i(y)
so we need an upper bound on: px,i(m)spy,s—i(y)s/(pz,s(x)lpy,s(y)s_z> =

(pm,i(x)s/pz,s(w)i)(py,s—z‘(y)s/Py,s(y)s_i). (In the remaining part of the proof we
will write p, ; for py ;(x) etc.)

Let s’ =|s/2], 7 =|i/2]. First we estimate p;’i/pg,s. In the same way as in
the proof of Lemma 15 we may use Lemma 13 to get an upper bound on the last
expression.

! ; ! ’ / . _ 21
Py <45 (Un+TTimo M) /(1/n+ TIEg A)Y . Let n=P = [[25)1987 y,.
Lemma 14 implies that p > ¢(3) > 0 where ¢(3) depends only on 8. Since it is
enough to prove the Lemma for all sufficiently small 8 we may assume that p<1.

Case 1. i < ps'/2. i > Blogn implies 1/n+ H?:o Aj<2nP, 1/n+Hj-,:0 Aj>1/n
therefore p;”i/pg,s < 85n~5Ppt < 85p~cB)s'/2 therefore pgszl/p%f; < §2sp—c(B)s’
Since 1/n<pz; <1 and 1/n<py s <1 we have p;i/p;,s < 828y —c(B)s+2,

Case 2. i’ > ps’/2 and Hj',:o A <1/n. ' We have pfc”?/pg’s < 85p 8 pi’ = g8y 8"+
and so, as in Case 1 this implies p} ;/p} . < §2p—sFit2,

. 7 ; ) r / ’ o
Case 3. ¢/ > ps'/2 and [[i_oX; 2 1/n. pj /0% s <8 ([Tj=0)® =0 2) ™" Iy
is sufficiently large then the monotonicity of the sequence A; and the assumptions
i’ > ps'/2 and H;"I:O Aj = 1/n imply that A\ /g > /& where « is the absolute

constant given in Lemma 14. (If 8 > 0 is sufficiently small, then according to
Lemma 13 and 14 we may suppose that \; < a for all j < Blogn). The products

( 3-/:0 /\j)sl and (Hj’:O )\j)i, both contain s's’ factors. We may cancel from both the

nominator and the denominator of ( 3»,:0 )\j)s' /( ‘;-,:0 )\j)i' the factors contained
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in (H?:O /\j)i'. After this each factor of the denominator is greater than any factor
of the nominator. Moreover there are (s’ —4')Blogn factors of the first product
which is less then a, while a positive proportion of the second product (Aj,7>s/8)
is greater than \/a. Therefore p;/,i/pg,s < 85n0G/D(' ) where § > 0 depends
only on >0 and so p;i/pi_’s <825~ 6(3/4)(s~1)+2,

If we replace z by y and i by s—¢ we get similar upper bounds on p;’,s_i/p;:;i'.

In all of the three cases (pm’i(x)s/pm,s(x)z)l/s < ¢ where ¢ is an absolute
constant, so if Case 1 holds for either 7 or s —¢ then using the upper bound ¢
for the other factor we get the statement of the Lemma.

If Case 1 does not hold for either 7 or s —1, then Case 2 or Case 3 must hold
for both of them (not necessarily the same case for both). Since either i < s/2 or
s—1<s/2 the upper bounds for Case 2 and Case 3 implies (16.3). 1

We may use the same argument to prove the following slightly more general
statement:

Lemma 17. V3>0 36 >0, v>0 V' >+~ if n is sufficiently large and G is a 3-regular
graph on n vertices with girth(G) > Blogn, vlogn < s<+'logn, s =141 +...+ i
where i; > Blogn is an integer for j=1,...,k and z1,...,z} €G, then

k k N
[ v z) < n~ (H (0o, (mw) -
j=1

i=1

Proof. We need an upper bound on H_];:l(pl'j,ij (27))°/(Pz;,5(x;))%. As in the
previous proof we consider each factor separately. With i; — each of these factors
satisfies the assumptions of Case 1, Case 2 or Case 3 and so we may conclude the
proof in a similar way. |

Lemma 18. Assume that the requirements of Lemma 16 are met. Then the as-
sumptions in at least one of the four assertions (16.1), (16.2), (16.3) and (16.4) are
satisfied.

Proof. Let k= [i/2]. Then p;;(y) < 2Pz 2% (¥) = 2024 Py i < 2llp Py il I
1P2,kll > |lpy k|l then using |Ip, 1 ||? =ps o (z) We get: vy i(y) < 2py op(2) < 4py 5(2).
(

If [P | < Ilpy k|| then using [|pg k1% = pg 21 (z) we get: py i(y) < 2py 2 () <4py.i (v).
In a similar way we may prove that either p; ;_;(y) <4pg s—i(x) or py s—i(y) <
4py,s—i(y)~

Lemma 19. V3>0 36>0, v>0 V' >« if n is sufficiently large and G is a 3-regular
graph on n vertices with girth (G) > Blogn, z,y€ G and ylogn<s<~'logn then
P(Eli r; =y, Blogn <i<s—Blognandrs =z |rg = 1:) <n78((1/n) +M§),

where s'=s/2].

Proof. According to Lemma 18 one of the four cases of Lemma 16 always holds.
The definition of M& implies that 1/n+M§ > Pz.2s (%) > 2pz s () and 1/n+M§ >
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Py,2s' (Y) > 2py,s(y) so the righthand side of all of the four inequalities in Lemma 16

is at most n_‘s(l/n—l—Mg). Since there are at most +'logn choice for ¢ this implies
the assertion of the Lemma. |

Lemma 20. V3 >0 36 >0, v > 0 VY >~ if n is sufficiently large and G is a 3-
regular graph on n vertices with girth (G)> Blogn, vlogn<s<~'logn, wy,...,w,
Y1,... ¥k € G, s=11+...+ 1, where i; > Blogn is an integer for j =1,...,k and

rl....,r* are k independent copies of the random variable r, then

P(rljj =y, forallj:1,2,...,k[r6=wj forallj:1,2,...,k) <
n8((1/n) + ZWS), where s' = |5/2]

Proof. We need an upper bound on H?:l Puw, i (yj). The same way as we have
done in the proof of Lemma 18 we may show that for each i=1,...,k, py, i, (y;)<
4(py, i; () where zj=w; or z; =y;. Therefore Lemma 17 implies our statement. ll

Lemma 21. If G is a 3-regular graph, x € G and 1,j are positive integers then
P2,i(%)Pe,j () < Pajivj(@).

Proof. pm,i+j($):P(Ti+j:$|7"O:m) EP(TZ+J =z and 'ri:m|7‘0=z)=P(7'i+j :50|
ri:a:)P(rizw{T0=$)=pz,j($)20m,i($)~

Lemma 22. Vp>0 3v>0V+' >~ 3¢ >0 such that if n is sufficiently large and G is a
3-regular graph on n vertices, \(G) >1—¢, girth(G) > Tlﬁ logn, ylogn<s<~'logn
and z € G then for all 0<j <(1/10)logn we have

lgz,s—51I* < 1+ p) ME.

Proof. Lemma 8 implies
(22.1) ME >n~17% for some 6>0 depending only on e.

Let jg be the smallest natural number less than (1/10)logn so that
(22.2) ||z s o |1 > ME.

If there is no such number than our assertion trivially holds. According to
Lemma 13 the sequence \; is monotonous. [|q$,5_j||2 > (14 p)? M& would imply
A, <1/(1+4p) for some k, s —(1/10)logn <k <s, and if ~y is sufficiently large then
according to the product formula of Lemma 13 we would get ||gz s—j, I2<1/n? in
contradiction to (22.1) and (22.2).

The following Lemma states that the distribution of the endpoint of a random
path of length s changes slowly if s is large, provided that A is close to one.

Lemma 23. Vo >0 3v>0 ¥+ >0 3 >0 so that if n is sufficiently large and G is a
3-regular graph on n vertices, \(G)>1—c¢, ylogn<s<+'logn, then for all z€ G,

Igz,s — Gz,s41l|? < oME, < oME.
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Proof. According to Lemma 8, A(G) > 1 —¢ implies that MC > n~15. If 5 is
sufficiently large then according to this and (13.1) we have QMEH > MG, therefore
it is sufficient to prove that ||gz s — gx,s+1]|* < (o/2)ME.

Mqugg’oH2 =1-—(1/n), qu,s = B¢z 0 we may apply Lemma 11. If ||qgc,5||2 <
1/n%(1 — (1/n)) then our assertion trivially holds. Otherwise it follows from
Lemma 11 that ||gz,s — gz,s+1/% < (0/2)llgz,s[* < (o/2) ME. |

Corollary 24. Yo' >0, jg Iy >0 VY >0 Je>0 so that if n is sufficiently large and
G is a 3-regular graph on n vertices, \(G) >1—¢, ylogns<+'logn, then for all z €
G and 0<j < jo we have ||gzs — qz.s—j||* <o'ME.

Proof. Lemma 23 implies that MS si1 < maxgeq ||qw si1ll? < maxxeg(l +
NMNzs+1l12 < (1+0ME). So the Lemma also holds if we replace ME by M s+1
This observation also implies that we may suppose that if v is sufﬁ(nently large,
then Mf_] < (1—1—0//]0)]\/[5 for 7=0,1,...,jg. So if we apply the Lemma in this
form, repeatedly, with s+1—s—%,k=0,...,jg, then we get the statement of the
Corollary. ]

Definition (24.1). Suppose G is a 3-regular graph <z,y >€ E(G) and z€G. Then
let t, 4 i(2)=P(r;=z and for all j=1,...,i—1r;¢{z,y}|ro=2x). If H is a subset of

G and we€ H then let pf;w (z) :P<n =z and if 7 is the largest integer in [0,i—1]
with 7; € H then r; :w|r0:m).

Lemma 25. There exist absolute constants 0 < o < 1,,5 and infinite sequences
bo,b1,..., co,¢1,... of real numbers so that |b;| <&/ and |cj| <o for j=jo,jo+1,...,
Z;?;O(bj+0j) =2/3 and V3>036>0, v>0Vy >0, e >0 so that, if n is sufficiently
large and G is a 3-regular graph on n vertices with A(G) > 1—¢ and girth(G) >
Blogn, <z,y>€ E(G), ylogn<s<+'logn, i=|(8/2)logn|, then

piws,y} z(z) z iPz,s—; T CiDy,s— ]) +R
7=0

where |R||2<n™0ME.
To prove this Lemma we need Lemma 26, Lemma 27 and Lemma 28.

Lemma 26. There exists an absolute constant 1 > o > 0 and an Infinite sequence
of positive real numbers a1,a2,...,a;,... so that a; < ol j=1,2,... and if n is
sufficiently large, G is a 3-regular graph on n vertices, i is a positive integer and
girth (G) > 2¢ and y is a neighbor of = then P(i is the smallest positive integer so
that yg_f{Tl,...,T‘Z‘_l}, w%{’r‘l,...,ﬁ‘_l} and r¢=x|m=x):ai.

Proof. Let a; be the probability of the event described in the lemma. Our
assumption about the girth of the graph, implies that a; does not depend on G.
Indeed the neighborhood of  with radius ¢ determines a; and this nelghborhood is
the same in each graph (up to isomorphism).
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We have to prove only that a; < a' According to the definition of a;, a; <
P(ri=z|ro=2)<psi(z) <2|pg2(i/2) |2, so Lemma 14 implies our statement. I

Lemma 27. p{m’y}’ (z)=

Proof. pi; S,y} #(2) is the probability of the event that a random path starting form
z reaches 2 at step s so that the last element in the path (not counting z) from
the set {z,y} is . This event is the disjoint union of the same events with the
additional requirements that the last element of the path in the set {z,y} is the
j-th one. The probability of this event is the product of the probability that the
path is at z at time j, that is p; ;(x), and the probability that starting from z,
a random path reaches z in s — j steps, so that apart form the starting point and
(possibly) z, no element of the path is in {z,y}, that is t;, ;_;(2). ]

_7 —0Pz5(T)tzy,s—j(2).

Lemma 28. Suppose that the conditions of Lemma 25 hold. Then
ta:,y7s(z) = pm,s( ) Py,s 1 Z%Pw 8~ ] +R

where a; is defined in Lemma 26 and ||R|? < n~8ME. (When taking norm we
consider R as a function of z).

Proof. t; , s(z) is the probability that a path starting from x reaches z at step s so
that none of its points apart from rg and 75 is contained in {z,y}. If we don’t have
any condition on a path starting from z then the probability that it reaches z at
step s is py s(2). So we have to subtract from this the probabilities of the following
events: the path reaches z in s step and
(28.1) j is the smallest integer in the interval [1,s—1] with r; € {z,y}.

We will call this event V;. (Clearly these events are disjoint.) For j =1 the
probability that we have to subtract from py 5(2) is a1pz s—1(2) + %pyys_l(z). If
1 < j < then V; excludes r; = y so P(V;) = a;jpgs—;(2). Therefore we have

try,s(2) =pzs(z) — %py,s_l(z) - 23‘:1 a;Pz,s—;(2) = 2 5=it1 P(rj =z and (28.1)]

ro=)ps, ()~ X5_i1 Plrj =y and (28.1)|ro=2 )pye—;(2).

Here and later several times we estimate the square of the norm of a sum using
|37 |2 <mZmax™ , {|u;||>. We need upper bounds on the square of the norms
of the terms of the last two sums. p=||P(r; =z and (28.1)| 1o =x)ps s—;(2)]|? <
(P2, (2)) 212,55 ()1* = (P, (2)) P 25— ) ()

If j > s/2 then Lemma 15 implies that (p, ;(2))2 <n~%py 9,(z). According to
Lemma 21 p<n~3pg 2 (2)p; 2(s—5) (@) S0 73005 25 () Sn~30((1/n) + MP).

If j <s/2 then, p<(ps; (33))2]93:,2(3—3‘)(33> <Pr,2jPz,2s—2; and since 2j > Blogn,
Lemma 15 implies p< n“spm’gs Sn"?"s((l/n) +MZ).

1P(rj =y and (28.1) | ro = 2)py,s—;(2)]| < (Pej(¥)*Pr2(s—5)(*)- Poj(y) <
6p$7j+1(fc) <12pg ;(x) (x and y are neighbors) we get the same upper bound as in
the previous case.
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Using both upper bounds we get that if ;4 s(2) = po,s(2) — %py,s_l(z) -
2 j=1%4Pz,s—j(#) + R then IR|I? <n~2(1/n+MF). AG)>1—¢, so Lemma 8

implies that ME >n~178/2 5o ||R||2 <n~®ME which proves our lemma. 1
Proof of Lemma 25. In Lemma 27 p;{civs’y} 7 is given as a sum. First we consider the

first 4 terms of this sum. Since girth (G)) > 2¢, the numbers p ;(x) do not depend on
x or on the graph G. Let hj=p; j(z). Lemma 14 implies that there is an absolute

constant 0 < p<1 so that |h;] < pl. If we substitute try,s—; DY the expression given

in Lemma 28 we get pi”j;y}’“”(z) = ]zizo(b9pm,5_j +¢ipy,s-j)+R1+ Ry where Ry is

the remainder from the series in Lemma 27, Ry is the sum of the error terms from
Lemma 28 and |b}| <o/, |cj] <o’ for some a <1, j>jo. Since p; ;(z) and a;,j=
0,1,... does not depend on anything we have the same for the first i elements of
the sequences b;-,c;-. (The numbers b 1,b;_ 5,...,bh;,¢h 1, -,y may depend on 4,
since we took only the first ¢ terms from the series in Lemma 27). Let b, :b;-,cj =
c},j:O, 1,2,...,i. We get b;,j>1 from each term of the type py 1(z)ts y s—k(2) for
k=0,1,...,5. The contribution of the k-th such term to b; will be —p, r(x)ag_;,
that is b; =— Zi;:()pm?k(x)ak—j' We have a geometric upper bound on both of the
sequences py (), k=1,...,7 and a;, t=1,...,4, so this implies the upper bounds
on b; as required in the lemma, (and a similar upper bound on the numbers ¢; can
be proved, actually more easily). These estimates hold for the sequences b’ -,c;- in
the interval 7 < j < 2i too, since a sum equal to e.g. b can be derived from the

previously used sum b; =— Zi;opw,k(x)ak—j by omitting some of the terms.

We will estimate both |[Ry||? and || Rz|)%.

| R2)|%. As a result of the application of Lemma 28 the upper limit for j is 2i
instead of 4. The upper bounds |b3-]7 |c9| < o/ imply that if ¢ is sufficiently small with
respect to « and 3 and j >+, then |b;-|, |c§] <n~28. On the other hand Lemma 8
and AM(G)>1—¢ imply that ME >n~17(6/4) So Lemma 13 and the monotonicity

of the sequence \; imply that ||ps s—;|| <n%/2ME. According to these inequalities
we may omit the terms of the sum for j > 2¢ and we get a third error term Rz with
| R3]|?<n ®ME. Lemma 28 implies that we have the same upper bound on R.

|R1]|?. We have

||pm,j(m>t$,y,s~j(z)”2 < ”paz,j(x)pw,s—j(z)HQ <
< (02,5 (2)) P2, (D)II* < (P2,5(2)) Py 2(5—7) ()

Using the same argument as in the proof of Lemma 28 we get that the sum is at

most n M SG which completes the proof of the approximation for p;{fgy} ® given in

Lemma 25. We have to prove that } 2% o(b; +¢;)=2/3.

Assume now that G is a 3-regular infinite tree and x,y are neighboring points
in G.
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It is easy to see that for any s

L

(L1) pE(2) = 3 (bjpasss + ¢ipye—j)
=0

Let X be the set of those points in G which are closer to z than y. Ob-

{way}@( )

viously if z ¢ X,z #y then p =0. Because of the symmetry of the tree

>oreq p{x,y} *(2)=2/3+05(1). (The error term comes from the possibilities z=1 or
z=1y). Since py s_j,Py,s—; are probability distributions on G, their sum for all z €
G is 1. So adding both sides of (L1) for all z€ G yields: 2/3=3""_(bj+c;)+0s(1)
which completes the proof of Lemma 25. |

Lemma 29. Vo >0 3y >0 ¥y >0 3¢ > 0 so that if G is a 3-regular graph on n
vertices and \(G) > 1 —¢, girth(G) > (1/10)logn, vlogn < s < 'logn, ||ps;||> =
(1/n)+ME and y is a neighbor of x, then

pz,s — py,s,”2 <oM¢.

Proof. Let y1 =vy,v2,y3 be the three neighbors of z. The definition of p; s implies
that py s = %px,5~1 + Z?:l %pyj,skl, and the same holds for the corresponding
functions g, that is

1

2%53 1+Z =~ y;,5—1-
j= 1

(29.1) G,

According to Lemma 23 we may suppose that ||g; s 12 < (l—l— 167 )MG nd
||qy75_1|| < (1+ 10) oM&. These inequalities imply that the norm of any of the
four vectors gy s—1,4y;,s—1 is at most V1+0llgzsll. Taking the inner product of
both sides of (29.1) with the vector gy s, we get that |lgz s||2 = %q%s_l Qs +

? 1 6qy3,s 1+4z,s. Our upper bound on the lengths of the vectors implies that
none of the four inner products on the righthand side is bigger than (140)||gz,s/|?
50 to get an equality all of them must be at least (1—0)]|qz.s]|?, that is Qx5 0y,s—1 >

(1 —a)HqI,SHQ, which implies |y s—1 —q;mH2 < 4UH%,SH2~ So our Lemma follows
from Lemma 23. 1

Lemma 30. Va >0, 3>0 3vy>0 Vy' >0 de>0 so that if n is sufficiently large and
G is a 3-regular graph on n vertices so that A(G)>1—¢ and y<s<~'logn then

(30.1) {(u,0) € BE(G) | IPus — Pusl? > aME} < BIE(@)).

We need the following lemma for the proof of Lemma 30.
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Lemma 31. Yo > 03y >0, >0 so that if n is sufficiently large and G is a 3-regular
graph on n vertices with A(G)>1—¢ and s>~logn then

(31.1) > lgusl® < 1+ @) Y llgus1li*.

ueG ueG

Proof. Let Q; =(qu;|ue ). There is a symmetric linear transformation W with
WQ; =WQ;r1, (consisting of n copies of B). The eigenvalues of W are in the
interval [0,1] since each eigenvalue of W is also an eigenvalue of B. So according
to Lemma 11 if (31.1) does not hold then it does not hold either if we replace s by
any t<s. Therefore

(31.2) D sl <1+ > lauol® < (1+0a) n < (1+a)7/?

e ueG

if 7 is sufficiently large compared to a. On the other hand let f=3_ -~&uey be
an eigenvector of B with a maximal eigenvalue and of length one. For any fixed

u we have, | B%eu||2 <3, e lav,s||? and therefore ||BS £ > EveGEv(l—i-oz)‘s/?.
Since Y &, <n this contradicts to |B®f|l > (1—¢)*® if v is sufficiently large and ¢
is sufficiently small with respect to a. |

Proof of Lemma 30. In this proof we use that the Euclidean norm has the following
convexity property:

(C) For each positive integer k and real number c1 > 0, there is a cg > 0 so that
if wi,...,wy, are vectors in a Euclidean space, ||wy, —w,]|? > p, for some v,/ and
w>0, w=E&wi+ ... +€w; is a convex linear combination of the given k vectors
and & >¢) for i=1,...,k, then |w[|? < —copu+YoF_y &lfw;[%.

Proof of (C). It is sufﬁment to prove this assertion for £ = 2. Indeed the k =
2 case implies that if = gyi—”éyl and 7 = % then ||nwy, 4+ 7'w,.|? < —chu+
nllwy |2 +n'||w,||2. This together with the convexity of the function ||z/|? implies
our statement.

k = 2. We may suppose that wy, wg are in the 2-dimensional space Rs.
w1 —ws||? > p implies that e.g. if z1, z9 are the first coordinates of wq,wy then
|1 —z2|> > /2, and so it is enough to prove our statement in the case when both
w1 and wy are real numbers. This can be done easily by considering the extremal
values of a polynomial (of degree two) on an interval.

Now we return to the proof of Lemma 30. If v =wv1,v2,v3 are the neighbors
of u then gy 511 =(1/2)qu,s + (1/6)(qu,,s + Qua,s T Jus,s)- Suppose (30.1) does not
hold. Then, property (C) implies that there exist o >0, 7 >0 depending only on
a and § so that there are at least 7n elements v in G with neighbors v, v9,v3 so

that [Jgu,s1]2 < ~0ME + (1/2) 1 gusl12 + (1/6) (1,5 12+ ool + 1 un,sl12). This
inequality holds for all other u without the term —cM SG . Adding the two types of

inequalities (one inequality for each u € G) and using the convexity of the function

o we get: Yyccllausiil® < ~ronME + 30,6 ((1/2)l|au,s|? + (1/6)([lgu,s|* +

9vz,511% + lgva 5 [1%)) < —ronME +3 e llau,s |- Since 3y llqu,s* <nME, this
implies 3", o lqu,s+1[2 < (1=07) 3 e 1u,s1? in contradiction to Lemma 31.
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Lemma 32. If G is a 3-regular graph on n vertices, x € G and ¢ is an integer with
[pzill2=(1/n)+ME then for all u€ G we have

Do Pui 2 (1/77‘) - MZ'G'

Proof. ||pg i+pu,illL, =2 50 [pei+puill}, > 4/n [1Pzitpuill?, =Pzl *+lpu: >+
2pg ;- Py,i- According to the definition of MZ‘G”Pu,i”Q < ||p$7iH2 = (l/n)—i—MiG, so we
have 4/n§2/n+2MiG+2pw- "Dy that is pg -y > (1/n) —MZ-G. 1

Corollary. If 0< <1 then §{u€G§pm-pm2(1/n)+p1\/{f}1§(1+u}—1n.

Proof. ZuEg P,iPuyi =Pr,i"?ucG Pui =Pei1=1, so the Corollary is a consequence
of Lemma 32. [ |

Definition (32.1). If (z,y) is an edge in G then Sdo(z,y,G,s) will denote the set
of those e-cycles z = (z0,...,25s—1) where t(z9) =z, h(zp) =y and the seed of g
contains both z and y.

Remark. Unlike in the definition of Sd(z,y,G,s) here we do not care whether z,y
will be consecutive elements of the seed or not. Actually (see Lemma 15) the
number of cycles where z,y are contained in the seed but not in consecutive places
is insignificant so in our further results, where we only approximate the number of
cycles, there is no essential difference between the two possible notions.

If 79,71,... is a random path, then let 7; be the directed edge {r;,7iq1). (If
r;=r;+1 then we pick one from the three possible loops arbitrarily.) Let

P((Fo, . Ts-1) € 8d(2,,G,5) ) = Sdp(z,3,G, 5)

and
P((FO, oy Fs—1) € Sdo(w,y, G, 8) | 7o = 2,71 = y) = Sdpg(z, vy, G, s).
The following Lemma shows that we can estimate Sdpg instead of Sdp. The
error term here and in most of our results is cME where o >0 is a small constant.

Lemma 33. There is an absolute constant x so that Yo > 03y > 0¥y > v3e < 0
such that if n is sufficiently, large G is a 3-regular graph on n vertices, girth (G) >
(1/10)logn, MG)>1—¢ and ylogn<s<~+'logn then

|(n/(2s+1))Sdp(z,y, G, 2s + 1) — kSdpg(z,y,G,2s + 1)| < chSG.

We need the following two lemmata for the proof of Lemma 33.

Lemma 34. 36>0, v>0 V4 >~ 3¢ >0 if n is sufficiently large and G is a 3-regular
graph on n vertices, girth(G) > (1/10)logn\(G) >1—¢, ylogn <s<+'logn, z,y €
G, then

P(r28+1 =rg and 3,5 € [0,25] ; =z,7; =y, and

i — j| > (1/20)logn, 25 + 1 - |i — 5]) > (1/20) Iogn) <n 1-yG.
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Proof. Because of the symmetry, we decrease the probability of the event only by
a factor of 1/(2s+1) if we add the requirement ry = z. The probability of rg =
z is 1/n and according to Lemma 19 P(the path rg,...,70511 contains x, y and
Tost1 =70 |r0 =2) is at most n=8(1/n+ MS). By Lemma 8 this is equivalent to
the statement of Lemma 34. 1

Lemma 35. 35> 0 Vo >0 and for all positive integer ig 3y > 0¥y >~ Je>0 such
that if n is sufficiently large and G is a 3-regular graph on n vertices, girth(G) >
(1/10)logn, A\(G) >1~¢, ylogn<s<~'logn and z,y are neighboring points of G
then the following conditions are satisfied:

(35.2) MZ ;< (1+0)7 M for all 0<j <10logn.

(35.3) |Itsys—i |12 < (1+0) ME for all 0<j < (1/10)logn.

(35.4) |[tpy.5—j — tay,sl|2 < (0 /i) ME for all j=0,1,...,4q.

(35.5) there exists an absolute constant o<1 so that if 1< (1/10)logn then P(r;=
ylro=z) <o

(35.6) Let p; = P(ras+1=ro and 7541,...,725 ¢ {x,y} | ro =2z,7; =y). then p; <
2MG and lpj — p1| <o /(4ip(1—0)) for j=1,...,ip where 0 <a <1 is the absolute
constant from (35.5).

(35.7) pi <(146)*ME for all 1<i<(1/20)logn.

Proof. (35.2) Let w € G with Mf_j = ||gw,s—j[?>. By Lemma 13, llqw,s—j 11> =
{(1-1/n) H;;%_l Aj. Lemma 8 and A(G)>1—¢ imply that if v is sufficiently large,
we may suppose that for some constant 6 >0 we have: 1> X,_; > (140)~1. Using the
monotonici.ty of the sequence )\; we get MsG_j = ||Qw,s—j“2= llgw,s |2 Z;i_j )\];1 <
ME(1+0).

(35.3) For each fixed 2z € G 154 5—j(2) < pzs—j(2) so our statement is an
immediate consequence (35.2).

(35.4) This is an immediate consequence of Lemma 28 and Lemma 23.

(35.5) follows from Lemma 14. :

(35.6) Let k=[(2s+1—3)/2},l=s—j—k. pj=tyyp -ty z1+On O MF). (The
error corresponds to the event 79,11 € {z,y}). (35.3) (35.4) and (35.5) imply our
statement.

(35.7) This is a consequence of p; =t , -ty’z,l—i-O(n*‘SMSG) and (35.3). 1§

Proof of Lemma 33. Sdp(z,y,G,2s+ 1) is the probability of the following event:
rg=r2s11 and the seed of the e-cycle 7; contains = and y. According to Lemma 34
we may suppose that all occurrences of the points z,y on the path r; fall into an
interval shorter than (1/20)logn. (This assumption changes the probabilities of the
described event by at most n=1 %M f ). Since the graph in a small neighborhood
of the points z,y looks like a tree, it means that z, y can be in the seed only in two
different ways. Either the path approaches the points z,y from the direction of z
and leaves in the other direction or vice versa. Let us consider the first possibility.
Suppose that e.g 7 is the first point where the path reaches z and ry.; where it
finally leaves y, where 1 <4< (1/20)logn and we take k+4 mod 2s+1. That is 7, =
z, 1p4; =y and for all j=k+i+1,...,k+2s we have r; ¢ {z,y}. Let By ; this event.
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Obviously for different pairs k,: these events are disjoint, and their probability does
not depend on k. So Sdp(z,y,G,2s+1)=2(2s+1) 25:/120) logn P(By,;)+0(n79%).
(The factor 2 is needed because the path may come also from the direction of y. It
is easy to see that the probability of By ; does not change if we reverse the role of
z and y, so the contributions of the two possibilities are the same.)

Let u; = P(r; =y | 70 = z) according to (35.5) u; < ()* for some 0 < a < 1.
Clearly P(Bg;)=P(ro=x)u; P(ros+1=ro and r541,...,m2s ¢ {z,y} |ro=2 and r;=
y)=(1/n)u;p;, where p; is defined in (35.6). (35.7) implies that n} ;. ; P(Bo;)=
D isig Wili < (0/2)MSG if ig is sufficiently large compared to 6.

ny 1 Bog =0 uipi = yioq ui{p1+ R;) where according to (35.6) |R;| <
(0/(4i0(1 - ) MS. ‘

So we have nSdp(z,y, G, 2s+1) =2(2s+1) (p1(3_;% w;)+R) where |R| <o/4ME.
Obviously the number u; does not depend on n,G or the choice of the neighboring
points z,y. Let 7=3>"72,u;. We have nSdp(z,y,G,2s+1) =2(2s +1)(rp1 + R)
where |R| <o /4ME.

Now we compute Sdpg(z,y,G,25+1). It was the probability of the following
event: rg=rgs+] =x, 71 =% and the seed of the e-cycle 7y,...,7s contains both
z and y. Lemma 34 and Lemma 8 imply that if we add the assumption that rj ¢
{z,y} if (1/20)logn < k < 25 —(1/20)logn then the probability is changed by at
most n %M SG . Again we will consider the case when the path approaches from the
direction of z and leaves from y. Let m=[1/20logn|. The probability of our event

will be 31, Z;n:oP(BZSJrl—j,i and rg=z,71 =y ). We may estimate this sum in

a similar way as in the previous case and we get Sdpg(z,y,G,2s+1) =n"1(7'p1+R)

where |R| <o /4M$ and 7' is another absolute constant, which implies the assertion
of Lemma 33. |

Lemma 86, 36>0,v>0 ¥~/ >~ 3Je>0 such that if n is sufficiently large and G
is a 3-regular graph on n vertices, girth(G) > (1/10)lognA(G) >1—¢, vlogn <s<
v'logn, z€ @G, then

P(rg = r2s+1 = « and the seed of (rq,r1,...,72¢+1) Is empty) < n_l"SMsa.

Proof. It is easy to see that if the seed is empty then there are integers 0<j <k <
2s+1 so that k—j>s/3,s—k+j>5/3 and s;; =s;. So Lemma 19 and Lemma 1
imply our assertion. |

Lemma 87. If n is sufficiently large and G is a 3-regular graph on n vertices with
girth (@) > (1/10)logn, a,b,u,v are four distinct vertices of G so that dg(a,u) >
1/10logn and from the six pairs formed from the four points exactly two, (a,b)
and (u,v) are edges of G, and if G’ is the graph that we get from G by deleting
the edges (a,b), (u,v) and adding the edges (a,v), (b,u), then for all z,y€ G and i,
there are w,z € G so that

P(mG, =y and T'JG, ¢ {a,b,u,v} for all (1/20}logn < j <i—(1/20)logn

670 [ =2) <o) +pS () +p5() + 95 (2).
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Proof. If the distance of both z and y is greater than (1/20)logn from the set
A={a,bu,v} in the graph G then our statement trivially holds, since the path
described in (37.1) will be a path in G too, that is the upper bound will be actually
g (y)-

Consider first the case when dg(z,4) > (1/20)logn but dg(y, A} < (1/20)logn.
Assume that the closest element of A to y is e.g. a. o is a neighbor of v in the
graph G'. Let NG be the set of those points in G’ whose distance from {a,v} is

less than (1 / 20)logn. Clearly y€ N, aﬂ,. Let jo be the largest integer not exceedmg

i so that TJ "€ NG for all 7 > jg, j <i. We define two events: F, = “d( a) <

d(rg/,v)” and Fy = “d(rg/,v)<d(riG0/,a)”.
Assume that A is the event described in (37.1). P(A| TOG, =z) < P(ANE,]|
1§ =2)+ P(AANEy 1§ =x).
The definition of G/, the assumption TJG/ ¢ A for all j<i—(1/20)logn and the

fact that y is closer to a than v in G’ imply that P(AAE, }rg*w =) <p$(y). (The

path r@ can be considered as a path in G if we substitute all elements from Ng ,
which are closer to v than a by the “corresponding” elements from the neighborhood
of b).

Let z be an element of G with dg(z,v) = dg/(y,v) and dg(z,u) = de (y,a).
That is the element z has a similar position with respect to the edge u,v in the
graph G as the position of the element y in the graph G’ with respect to the edge
a,v. Tt is easy to see that each path r& G' with conditions ANAEy and rg=x can be
transformed into a path in G ending at z by changing all of those elements in Ny,
which are closer to a than v to the correspondmg elements in the neighborhood of
u. This shows that P(AAE, |r§ '=2)<pG(z).

If we drop the restriction dg(z,4) < (1/20)logn, we may define the element w
in a similar way to the definition of z and we get (37.1). |

Zo’

Lemma 38. 3v>0 V4 >0, 3¢ > 0 such that if n is sufficiently large and G is a 3-
regular graph on n vertices with girth (G) > (1/10)logn, M(@) >1—¢, vlogn < s <
v'logn, a,b,u,v are four distinct vertices of G so that dg(a,u) > l/lOlogn and from
the six pairs formed from the four points exactly two, (a,b) and (u,v) are edges of
G, and if G is the graph that we get from G by deletmg the edges (a,b), (u,v) and

adding the edges (a,v), (b,u) then MSG <17TME.

Proof. Let z € G. We need an upper bound on Py 25( z). If 7"@ ,1=0,...,2s is a

random path, 7'0 —7'2% =z, we define an integer k, a sequence of integers 0=dy <
d1 <...<dp=2s in the following way:

do=0. Assume that dp<...<d;._.1<25—(1/20)logn has been already defined.
Let d; be the smallest integer with the following properties:
(1) dj—1-+(1/20)logn <d; <2s—(1/20)logn,
(2) r4; ¢ {a,b,u, v}

If there is no such an integer then let k=j and dj =2s. Our definition implies
that k<204’ and (1), (2) hold for all j=1,...,k—1.
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Let U be the set of all pairs h = (ho,h1,...,h;), w= (wo,w1,...,w;) where
J is an arbitrary integer, hg,...,h; are integers, hg = 0, h; = 25, wp = w; = =,
wy,..., w1 €{a,bu,v}.

If (h,w) €U let Ay, be the event “TOG' :m,rg:m, j=k, do=hg,...,dj=h

7 . . ! '

wizrﬁ for i=0,1,...,5". P(rg9 =m|7‘6; =$)=Z<h,w>€UP(Ah7w|r8;’:x).

We give an upper bound on P(Ap | rgl =z) for every fixed {h,w}€U. Let
hy—hj_1=1; for [=1,...,7. Clearly

'R

J
P(Ah,w |7’gw 233) < HP(TiGl/ = w; and for all
=1
(38.1) (1/20)logn < v < 4y — (1/20) logn 1‘9’ ¢ {a,b,u,v} | 1"8;’ = wl_1>.

According to Lemma 37 the {-th term of this product is at most Zi:l p% i (an),
where fp,gy are suitably chosen elements of G.

Case 1. j =1. We have only the trivial choice for h,w, thus P(Aj,, | 7‘6;, =z)<
Z%le%)% (gn)- According to Lemma 18 this sum is at most Zé:l 4p%,25(f77) for
suitably chosen f5, n=1,2,3,4, that is, it is at most 16MSG which completes the
proof of Case 1.

Case 2. j > 1. We subsitute each factor in (38.1) by the corresponding upper
bound given above that is by a sum consisting of 4 terms. If we perform the

multiplication using distributivity, we get at most 420v' terms, each consisting of
a single product with j factors. According to Lemma 20 each factor is at most

n0(1/n+ME)<n=8/2ME that is their sum is at most n~=8/3M& . There are only
' .

at most (Fyzl(;),yg/n)‘l]_l pairs (h,w) €U so that P(Ah’w|rg*”) #0, therefore the terms

covered in Case 2 contribute altogether not more than ME. |

Lemma 39. Suppose that G is a 3-regular graph on n vertices and s is a positive
integer. Let A be a subset of the set of paths of length s in G, x € G and for all z¢€

G, g(2) :P(rs =z and {(rg,71,...,7s) EA| 70 :x). Assume that A;,j=1,2,...,k
are sets of paths of length s with A C U;‘C:l A; and pj; = P(T‘QS =1y and both

{ro,...,7s)€A; and (Tgs,rzs_l,...,rs)EAj]rg:x). Then Ug(z)ng;“:L /155

Proof. If g;(z) = P(rs =z and (rg,71,...,75) € Aj [ ro = m) then 0 < g(z) <
Sk 9i(2) and thus [lg(2)| < Y5, llgj(2)ll. The definition of p; implies that
lg; ()l = /95795 = /1 i
Lemma 40. V5 >0, 36 >0, v >0 V4 >0, 3 >0 such that if n is sufficiently large
and G is a 3-regular graph on n vertices with girth (G) > (1/10)logn, A(G)>1—¢,

~vlogn<s<~'logn and x, y, u, v are four distinct vertices of G so that dg(z,u)>
1/10logn and from the six pairs formed from the four points exactly two, (x,y)
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and (u,v) are edges of G, and if G is the graph that we get from G by deleting the
edges (z,y), {u,v) and adding the edges (z,v), (y,u) then the following assertions
hold:
(40.1) If z€ G and the distance of z in G from all of the points z, y, u, v is greater
i

than Blogn then ||pgs —pgSH2 <n~®ME
(40.2) [ta,y,s = ta,,slI* <n O ME
that z,w are neighboring points in G and any path shorter than Slogn which
connects z to one of the points x,y,u,v contains w too. Then |[tS tgw’sﬂz <

—5MG

p

(403) [(p5")E) = G5 @2 <n MG,

zZ,w,8

Proof. (40.1) Let a € G be fixed. [pgs(a) —pgls(a)| < P(rgG) =g and T(()G),...,rgG)

. 1 ! !
is not a path in G'lrg = z) -I—P(rgG) = g and T(()G),,..,rgG) is not a path in

Glro= z) Let ¢(a) be the first ¢'(a) be the second probability. It is sufficient to
show that [|¢[|2 < (1/4)n *ME and ||¢']|?> < (1/4)n~9ME. We prove first [|¢||? <
(1/4)n=9ME.

P(rgG) =a and r((JG)
(@)

,...,rgG) is not a path in G'Ir((]G) = z) < P(rgG) =g and

Jjr; € {:c,y,u,v}|r(()G) =z> =g(a). We apply Lemma 39 with A= “Ij rj=w"

where w e {z,y,u,v}. By Lemma 19 we have, u, <n~% MZ, which implies llo]I? <
(1/4)n—SME. ,

We can prove in a similar way ||¢||2 < (1/100)n = ME" and so by Lemma 38
I¢']I? < (1/4)n~ 0 M.

(40.2) can be proved in a similar way. Here we do not need the assumption
about the distance from z,y,u,v since if the path 7 is counted in tz4 s then by
definition r; ¢ {z,y,u,v} for j=1,...,(1/20)logn.

(40.3) is a consequence of Lemma 27, (40.2) and Lemma 38. It is
easy to see that the identity given in Lemma 27 implies that p;{ci'i;y}’w(z) =
Z;l/go)lognp i (@)tpy.s—j(2) + R, where |R||> < n®MY. The numbers P, ;(x)
do not depend on the graph. (40.2) implies that ¢, , s_; is approximately the same

Ys5—7

in the two graphs and according to Lemma 38 the error term is smaller then both
n_‘s/zMﬂG and n_5/2MSGI. |

Lemma 41. 36>0, v>0 Yy >+, 3¢ >0 such that if n is Sufﬁcwnt]y large and G is a
3-regular graph on n vertices, \(G) >1—¢, girth(G) > 15 logn vlogn <s<~'logn

and x, y are arbitrary neighboring points in G, then P(T25+1 =7g and the seed of

(r0,...,r2s) contains both x and y|rg=x and r1:y> =

_pg{gméy} JT égy},y +p;{cir§y},y {w,y} ® L R, where|R| < n_‘SMSG.
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Proof of Lemma 41. First we estimate the probability of the event described in the
Lemma Wlth the following additional requirement: there exists an 4, Wlth g logn <

1<s— % logn so that r; =2. We will call this event A’. According to Lemma 15

the conditional probability of this event is smaller than n =" with the condition
T2s+1=2. Since the probability that the condition is fulfilled is at most pg, s-py,s <
%-I-MSG we have that P(A") < n=%" (%-l—Mg) MG) > 1—¢ and Lemma 8 imply
that ME >n1~% where 8 >0 depends only on . Therefore P(A') is smaller than
the error term in the statement of the lemma.

Assume now that A’ does not hold. Then the seed may contain x, y only in
two essentially different ways, described below. Roughly speaking, one possibility
is that the path leaves the set {z,y} in the direction of y and returns from the
direction of z, the other possibility is the same with the roles of z,y reversed. We
will denote the event described in the two possibilities by A, and A, respectively.

More precisely, assume that A’ does not hold and let j be the greatest positive
integer with j < % logn and r; € {z,y}. Suppose that r; =y. This means that the
path has left {z,y} in the direction of y. z, y will be in the seed if and only if it
returns from the other direction, that is if j' is the smallest positive integer with
j’>s——-logn and 7y €{x,y} then T =1.

Let Ay be the event described here that is Ay is disjoint from A’ and any
path satisfying A, leaves the set {z,y} in the direction of y and returns from the
direction of . We need an approximation for P(Ay).

First we define an other event A; so that A, C Ag! C AyUA'. Since P(4)
is smaller than the error term in the statement of the Lemma, P(Ag,) will be a
sufficiently good approximation to P(Ay). (If we do not say otherwise we will
consider all probabilities with the conditions rg = z,71 = y.) In A’ we do not
require that the path may contain z or y only at the very beginning or at the very
end. We will require only that in the first half of the path, the last point from the
set {z,y} is y and in the second half of the path the first point (coming from the
middle of the path) from the set {z,y} is =.

A; holds if the following conditions are satisfied:

(1) if j<s is the largest integer with r; € {z,y} then r; =y,
(2) if j>542,j <2541 is the smallest integer with 7; € {z,y} then r; =z.

Clearly A, C A?'J CA UA.

We compute the probability of A;/ in the following way. First we randomize a
path rg,71...,7s41 with property (1). Let fy be the distribution of the endpoint of
this path. (That is py(z) is the probability of the event that the path satisfies (1)
and 741 =2). Lemma 25 gives an approximation for this distribution. Similarly
we randomize the path 79511 = 2,72s,...,754+1 With property (2). Let p; be the
distribution of the endpoint (rs41) of this path. Clearly P(A;) =Py DPz-

If Ay, Al are the events that we get from Ay,A;/ by reversing the role of z
and y (but keeping the condition ro==,71 =y), then we have A CA CA,UA. TIf
we define the distributions p, and Dy in a similar way as pr and Py then we have

P(A},)=P, D, Adding the two equations we have:
P(AzUAy) =Py Po+Dy Dy + R, where |R| <nOME.
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(1) and (2) imply that py =py"*}Y, o =&}, 5, =pi VMY, B, =pi~vh®
which completes the proof of Lemma 41. , B

Lemma 42. Vo >0 Jig, v>0 Yy >~ e >0 such that if n is sufficiently large and
G is a 3-regular graph on n vertices, \(G) >1—¢, girth(G) > -11—0 logn, vlogn <s<
~'logn and z,y are arbitrary neighboring points in G, then

2
PR () = o 4 D (bt + cis i) R
j=0

where ||R||>? <o MS, and

)

1
PR () = =+ dns = Y (bydass + iysg) + R
i=0

where ||R'|2 <o ME and the sequences bj,c; are defined in Lemma 25.

Proof. Since pi zyhe T(2) + {$’y} Y(2) = (1/n) + gz,s(2) it is sufficient to prove the
{eyha

first equality. In Lemma 25 we have already given an approxnnatlon for pyq
> 720(bj+cj)=2/3 implies that the difference of the expression given there and in
the present Lemma is Zj’:io(qu:ﬂ,s—j +¢jqy,s—5), where i is defined in Lemma 25.
We have to show that if ig is a sufficiently large constant then the square of the
norm of this sum is smaller than o ME.

1225 (3,55 + ¢y, € Xjmio (511,551l 15l ay,0—5)|l- Lemma 25
implies that |b;],|c;| < of, where 0 < a <1 is an absolute constant. Lemma 22
implies that e.g. |lgzo— || < (1 +p)/2\/MG. If v is sufficiently large then we
may suppose that (1 +p)t <1/ so if ig is suﬂiciently large With respect to «,

then ||ZJ io (0j0z,s—j +cidy s—5)II < Z 2a]/2x/ G < \JoME, which proves

our Lemma. |

Lemma 43. 36>0 Vo >0 3ig, v>0 ¥y’ >~ Je >0 such that if n is sufficiently large
and G is a 3-regular graph on n vertices, A(G) >1—¢, girth(G) > %logn, ~vlogn <
5<~'logn and x,y are arbitrary neighboring points in G, then

2 4 2
pz{v,zs’y},m(z) = 3_TL + §Qx,s - §Qy,s +R

WhereHR[]2<aJV , and

1 1 2
m’y 7y
p.i’ ) ( ) = 3n - ‘3‘QI,S + ng,s + R

where ||R'[|2<oM&.
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Moreover the error terms can be written in the form R=Ri+Ry, R'= R|+R), where
> caRi(z)=0, |R1|%< oM and ||Rg||> <n~8 ME and the same conditions hold
for R ,R’Z.

Proof. Let b= ZJD.;O bj and é=3 " 4c;. Lemma 42 gives an approximation for

p;{czfs’y}’z and p;{,;?s’y}’y. If we substitute g, ;_; in these expressions everywhere by

gz,s then Corollary 24 and |b;], |c;| <o’ imply that

2 ~
(43.1) p‘;{gi’y}’x(z) = S_n + wa,s + &Zy,s + R where ||R”2 < UMSG, and

1 = -
(43.2) piEVIY(r) = o+ (1= B)as,s — agy,s + R where |[R'|? < oMC.

We have to determine the values of the absolute constants B, c.

pg{fs’y}’y = Z;‘;1 P(rj=y|ro= m)piyi];y. Lemma. 14 implies that there is an
absolute constant o/ with P(r; =y |rg=1) < (a/) if j < i = girth(G)/2. Using

the same argument as in the proof of Lemma 25 we may prove that pigfs’y}’y =

Z;‘:l P(rj=y|ro= x)pz{ﬁs’f}]’y + R, where ||R||2<n"®ME. The given Property of

o', (35.2) of Lemma 35, Lemma 22, and Lemma 23 imply that
PRI = (i, P(rj =y | ro=2))py%™ " + R, where |R|2 < oM. Let a=
;:1 P(rj=y|ro=x). If we apply (43.1) and (43.2) for p:g?fs’m}’y, then the previous
equality implies that &=(1/2)+0(1), and using that b+&=2/3 we get b=4/3, =
—(2/3).

Finally we define R, Rg with the required properties. Let y1 =y,y2,y3 be the

w of G in the following way: Let I =[(1/20logn)]. If r; # x then w is the closest
element of the set {y1,y2,y3} to the point r;. If 7 = = then w =r; where j is
the smallest positive integer with ; € {y1,y2,¥3}, if there is no such a j then w=
x. This definition implies that P(w =z |rg=12)=27%, and Plw=y; |ro=2z) =
$(1-27%) for j=1,2,3.

For each z€ G let g(2)=P(rs=zA(w=yVw=y3)|ro=x)+ 32;52"5. Clearly
> e9(2)=2/3. Let Ry=p{%*"* ~ g, Ri=R—F,.

Since » . (%—i—%qm,s(z)—%qy,s(z)) = %— we have that ) .o Ri(z) = 0.
Therefore, it is enough to show that ||[R2[? < n ®ME. The definition of g and

pifs’y}’w imply that for every fixed z € G, |Ra(z)] < P(rs = z,r leaves the set {z,y}

in the direction of z and w=y|rg=2a)+ P(r; = 2z, r leaves the set {z,y} in the
direction of y and w#y|ro=2x)+275"1. We write this inequality in the form of
|Ra| < é1 + @2+ 3. We estimate ||¢1]], ||$2] using Lemma 39, with £ =1. If we
write the first term of the sum in the form P(rs;=z and A|rp=z), then A implies
that there exists a j, j > (1/20)logn so that r; =z. Therefore Lemma 15 implies
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N =

that py <n~8((1/n)+MS)<n=8/2MC and so ||¢1]| < (n_5/2M8G> . We may get
a similar uppper bound on ||¢2|| and trivially ||¢s|| <n~2. ]

Lemma 44. Yo >0 3v >0 Vo' >~ 3¢ >0 such that if n is sufficiently large and G
is a 3-regular graph on n vertices, A(G) > 1 —¢, girth(G) > %logn, ylogn < s <
+'logn, and x, y are arbitrary neighboring points in the graph G, then

P(r2$+1 = rg and the seed of {rg,...,T25)

contains both x and y | ro =z and r; = y) =

5 10 25 10
9_n - 3‘12:,5 “gz,s T ?‘Iz,s *Qy,s — ?%j,s “Qy,s T R,

where |R| <o MS.

Proof. The Lemma is a consequence of Lemma 41 and Lemma 43. Indeed if we
compute the inner products given in 41, we get the expression above. To estimate
the error terms we have to use the error terms R+ R, and R’l +Rgr in Lemma 43.

The inner product Ry - 3% is 0, since Y, R1(2) =0. Similarly R - % =0. All of
the other inner products containing at least one error terms can be estimated by
the product of the Ly norms of the factors. Using that M SG >n~179 we get the
required inequalities. ]
Lemma 45. Vo >0 3y > 0 ¥y > v Je > 0 if n is sufficiently large and G is a 3-
regular graph on n vertices, A\(G) >1—e¢, girth(G) > % logn, vlogn < s<+'logn,
%Mf:[[pz,sH?, y is a neighbor of z, then

P<r25+1 = rg and the seed of (rop,...,T25)

contains both  and y | ro =z and 1 = y) =
1
(5/9) (-ﬁ + ME) +R,

where |R| <o ME.
Proof. The lemma is an immediate consequence of Lemma 44 and Lemma 29. |

Proof of Theorem 1. Assume that 6 > 0,0 > 0 are sufficiently small, v > 0 is
sufficiently large with respect to 8,0, v >; € >0 is sufficiently small with respect
to 8,0,7, and n is sufficiently large with respect to £,7/,6,0. Suppose that G is
a 3-regular graph on n vertices with girth(G) > 1/10logn and A(G) > 1—¢ and
vlogn < s <+'logn. Lemma 8 implies that MSG >n"179, Let z € G with MSG =
qu,sﬂz and let y be an arbitrary neighbor of . Now we pick v and v. Let >0 so
that € is sufficiently small with respect to o.
We intend to choose the edge (u,v) with the following properties:
(T1) the distance of u from z is at least (1/10)logn,
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(T2) {Ipu.s *Pv,s“2 <‘7,MG
(T3) Pays Pus < (1/n)+a'MG Pr,s Pus < (1/n)+0' MF,
Py,s Pu,s > (1/n)+a’ s s Py,s Pus<(1/n)+o’ MG

First we show that it is possible to pick the vertlces u,v with the listed
properties.

Obviously almost all edges (u,v) of G satisfy (T1). Lemma 30 implies that
(T2) also holds for almost all edges (u,v). By the Corollary of Lemma 32 the first
part of (T3) (containing terms depending on z) holds for a positive proportion of
the vertices v.

The above remarks imply that it is possible to pick an edge (u,v) of G which
satisfy (T1), (T2) and the first part of (T3). According to Lemma 29 we have
|pa,s=Py,s||> <o’ ME. This inequality and (T2) imply that the second part of (T3)
holds too.

Let € = |Cyc(G,2s +1)| — |Cyc(G',25 + 1)|. Since Theorem 1 is a lower
bound on 6/|Cyc(G,2s+1)| we need a lower bound on € and an upper bound
on [Cyc(G,2s+1)|.

We will show that

k(25 4+ 1)

R1 —lg=2s-lg >
( ) " - 3n

ME,

where the absolute constant x is defined in Lemma 33.
Let S% be the probability of the following event: 3 <2s r;=w and the seed

of the cycle {rg,...,725+1) is empty. We may show using the same argument as in
the proof of Lemma 34 that Lemma 36 implies S% < n“5MG
Using Lemma 33 and Lemma & we get: n 16~ 25— Hoye(G,28 + 1)] <

> (w,eB(@)(8dp(w, 2,G,2s + 1) + S¥ + 8%) < Y, ,)eq Bt (kSdpo(w, 2,G) +

o M%) _<‘3n/£25n—+1((1/n)+2M8G) <3(254+1)n° MEC.
This inequality and (R1) imply

6/;cyc (G, 25 +1)| > (%Mf) / (3(25+ Dt ME) 2 1/n?,

Now we prove (R1). Assume that the edge (u,v) satisfies properties (T1),
(T2) and (T3). We want to compute the change in the number of e-cycles of
length 25+ 1. According to Theorem 3 it is enough to consider those e-cycles
which contain at least one of the critical edges, that is 6 =|Sdp(=z,y,G,2s+ 1)U
Sdp(u,v,G,2s+1)| —|Sdp(z,v,G,2s+1)USdp(y,u,G’,2s+1)|. We will show that
the sets Sdp( .4, G, 25+1) and Sdp{w,v,&,2s+1) are almost disjoint so the number
of elements in their union is close to the sum of their cardinality, (and the same
holds for the sets defined in G').

Lemma 34 implies that P({z,y,u,v} C{ro,...,72s4+1}|r2s11="70) <7
Therefore

—6-1.

n 67 HSd(x,y, G, 25 + 1) N Sd(u, v, G, 25 + 1)| < .

n~te=s"ln =81 U Sd(w, z,G,2s + 1)| <
(w,z)eE(G)
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n—8-1 Z Sdp({w, z,G,2s+ 1) <
(w,z)€E(G)

n~9" 1 z 25+1(dep0(w,z,G,25—|—1) +oMC) <
(w)EE@)

2541
n % l6n( max s

(w,z)EE(G) 1 (kSdpo(w, 2, G, 2s + 1) + o MC) <

n=016(2s5 + 1)k (% +ME + (a//i)MSG) < p(=8/2)-1G.

If AM(G') > 1 — ¢ then the same argument holds in G' and we get
n~167971Sd(z,v, G, 25+1)NSd(y, u, G, 25+1)| < n(=8/2)=1 1 < 17p(-0/2) -1 Y&,
(The last inequality is a consequence of Lemma 38.)

These two inequalities imply that n= 16725716 = n~167251(|Sd(z,y, G, 2s +
)| + [Sd(w,v,G,2s + 1)| — |Sd(z,v,G",25 + 1)| — |Sd(y,u,G’,25 + 1)|) + R, where
|R| < 8n(78/3-1M&  Therefore to prove (R1) it is sufficient to show
that n~1672571(|Sd(z,y,G,2s + 1)| + |Sd(u,v,G,2s + 1)| — |Sd(z,v,G’,2s + 1)| —
|Sd(y,u,G’,2s+1)]) > %MSG, that is (according to Lemma 33 and Lemma 38)
it is enough to prove that:

Sdpg(z,y, G,2s5 + 1) + Sdpg(u, v, G,2s + 1)—
(R2) Sdpg(z,v,G’, 25 + 1) — Sdpg(y,u, G', 25 + 1) >
(1/2)M¢.

We will estimate each term separately. Namely we intend to prove the following
inequalities.

(R3)  |Sdpg(z,y,G,2s + 1) > (5/9)((1/n) + (1 — o) MT).
(R4)  |Sdpg(u,v,G,2s + 1) > (5/9)((1/n) — o MT).
(R5)  Sdpg(z,v,G, 25 +1)| < (5/9)((1/n) + o MT).
(R6)  [Sdpg(y,u, G, 2s + 1)| < (5/9)((1/n) + o ME).

Obviously (R3), (R4), (R5) and (R6) together imply (R2).

Proof of (R3). Since & was chosen with the property MS = ||pz 5|2, (R3) is
exactly the statement of Lemma, 45.

Proof of (R4). According to Lemma 44
(R7) [Sdpo(u,v,G, 28+ 1)| = g, — G qu,s " Gu,s + 25Gu,s " Go,s = 5 Gv,s *Gu,s + R, Where
|Rl<(0/2) M.

(T2) implies that |||qu,5|12 - ||%,s||2| < (U/S)MSG and |HQu,S||2 —Gu,s '%,sl <
(o/8)ME. So approximating all of the inner products by llqu,s||? in (RT), we get
(R4).

Proof of (R5) and (R6). Because of the symmetry it is enough to prove e.g.
(R5). Lemma 41 implies that |Sdp0(:c,’u,G’,23—|—1)|:(p;{ffs’v}’x)(al)-(pil,?s’v}’v)(G/)—i-
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( {z0} o) {zv}ay(67) 6O
Prs ) (ps,s 7N+ R, where |R|<n °Mg. It follows from (40.3) that we
may replace e.g. the expression (pg{c‘fg”}’x)(G') by (pigfs’y}’w)(G) and we get
Sdbofi, .G 23-+1)| () ()@ N (26 1
where |R|<5n S MG,

By Lemma 43 |Sdpg(z,v,G’,2s+1)|= (325 -+ %qw,s - %qy,s)-(% + %%,s - %qu’5)+
(% - %Qx,s + %qy,s) ' (% - %‘Cﬁ),s"‘ %QU,S) + R where ”RH2 iU,MSG~

By (T2) if we may replace gy,s by qu,s and by Lemma 29 gy 5 by g, s without
essentially increasing the error, and we get [Sdpg(z,v,G’,25+1)| = (%—i— %qmjs) .
(3% + %Qv,s) + (glg + %qz,s) (£ + %qv,s) + R where ||R||2<o”ME, so (T3) implies

(R5) which completes the proof of the theorem. ]
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